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PREFACE 

"It is generally admitted that the standasd coorseS’ 
of pore mathematics a§ tenght^in schools afld 
ooUeges are not well adapted to form part of the 
> professional training of engineers. But mathcH 
matios must form a large and an essential part 
of this training; tmd there has arisen a luge 
^ody of text*booki» written to satisfy the special 
needs of engineering students. As a rule, how- 
ever,* these text-books will be found to con- 
sist ef extracts, more or less modified, from the 
stan'^ard courses, interpolated with examples 
from engineering subjects propAsr. It>is inevit- 
able that the resuli'of this sc'ssors-and-paste 
method lacks the essential virtues of the original 
courses, logical development and ease of compre- 
hen^sion. Our experience is that the undoubted 
difficulty which the engineer has with mathe- 
matics 13 due principally to bis general difficulty 
in seasoning in mathematical language, and that 
his difficulties are not restricted to the calculus. 

In this book, the outcome of the ci^biiied 
efforts of an engineer and a mathematician, it 
has been our aim an^ambition to develop a 
course ah imtio, treati^ engineering calculus as 
a subject «| enginemng. This has tsd us to 
endeavQur^td cp* a jWhole, logiofd aod oon- 
sist^t in itsStC ip which the point of hag 
always hdeo that qfiihe ehgyiser, always 
been conuste, tath^ than sbstra0iL VMra.«p-^ 
proadi gachiiMW ^velopment of^|^ 



VL PREFACE 

• . 

through aif engjinecrihg problem, so tteit first 
yie need of" a proposition may be fdt, and then 
the proposition provided. Mathematicjal terms 
are defined ^loretifi every-day language than is 
uSual, and a large amdhnt cSI coilfiideration* rs 
naturally given to ‘typical engineering applica- 
tions. Particular stress has been^laid upon steps 
^,of reasoning which experience has shown to"pre^- 
sent obstacles tp students. 

* The student will fihd* throughout the book a 
pumber of exercises by which he may test the 
extent to which he has followed the vdfiious i 
sections of the work. He is strongly recom- 
mended to work carefully through these, as it is 
only by continual practice th&t ho can expect tgp 
become fully acquaijited with the subject. 

The marks (c), (m) and (e) which will be 
foupd alongside many of the examples an^ ex- 
ercises indicate that the problems are of par- 
ticular interest to civil and constructional, 
mechanical and electrical engineers respectively. 

For those students who wish to obtain a fair 
idea of the principles of the e&ilculus as applied 
to engineering problems, and who have not time 
to work systematically right through the book, 
we would recommend the- following shortened 
course: Chapters I an3 II, IV, V, VI, VII*, X. 

We wish to express our thanks to Prof. Horace 
Lamb and Mr. W. W. F. Pullen for permission 
to include the tables of exponential functions 
and hyperbolic logarithms respectively, and to 
Mr. A. E. Monkcom, .^R.C.S., for assistance 
and suggestions with the^tooofs. 

EWART ^^DRK WS. 
H^"BB5:ON HEYWOOD. 

tiONDOil^, August, 191 A 



TABfcE OF CONTENTS 


CHAFJEg I 


PAGE 


iNlfcOnUCTION AND GRAPHICAL TREATMENT ... 1 

• • 
Physical Quantities and Numbers — The Variation and 
Interdependence of physical quantities — Variable 
Quantities — Tho Kxpression of Physical Uelatious 
by iVIeans of Graphs — Slo}>es — Derived Curves — 
Discontinuity — Sum Curves — Measurdmont of 
Areas. 


CHAPTKH II 

• • 

Laws Expressed Symboltcally . . . ,38 

Algebraical Laws — Point of Inflection — Trigonometric 
Formulae — ItarmdniB Motion — Inverse Uelatioiyi. 

lOHAPTEU III 

LAwSi Expressed SYMBoiiicATiCT ( contimtM ) . . .63 

Exponential and Logarithmic Laws — Mixed Laws — 
Function of a Function ^ 

^ CHAPTER IV 

Systematic Differentiation 79 

Slopes Obtained from Frfinuloe — Function ^f a 
Function — Fundamcnbiil Slopes — Standard 
Slopes — Successive Differentiation — Steam- 
engine Mechanism. ^ 

■ chapIbb V 

> • 

Applications and Developments of Differentiation 99 
Maxima and Misima — Point of Indeetion. 



TABLE OP C0UTBNT8 


' vm 

OHAPTEB VI 

PAOff 

f^YSTEMATIC Im?EGRATIOK ... 1 .121 

integrals — Boduction to Standard Form — Partial Frac* * 
tions — Tmnsfotpiation of Independent Variable 
-^Integr^ion by Parts. • • • 

• 

CHAPTER VII 

0 

‘Applicatoons and developments op InTEGBATIONe . 14] 

Work doi^ in Engine Cylinder — Centres of Gravity and * 
Centroids — Continuous Bodies — Moment of Inertia 
— Radius of Gyration — Second Moments — Centre 
of Pressure and Load Point — Friction on Footstep • 
Bearings — Problems on Plow of Water — Kinetic 
Energy Stored in a Fly-wheel — Deflections of 
Beams. ^ 

CHAPTER VIII 

Partial Differentiation lOd 

Several Independent Variables — Differentials and 
Small Variations — Total Variation. ^ 

^ CHAPTER IX 

Differential EguATioNs 204 

Examples and Solutions— Simple Harmonic Motion— 
Eulers’ Column Formula. 

CHAPTER X 

Further Geometrical Applications and Special 
Curves 216 

Radius of Curvature — Ijcngth of Curved Outlines— 
Catenary and Troctrix — Envelopes, E volutes and 
Involutes — Cycloids. 

Appendix— Mathematical Tables 289 

Exponential and Hyporboli'j Functions— Hyperbolic 
Logarithms of Nos. from I to 50 —Logarithms — 
Anti-Logarithms — ■ Trigonometrical Functions — 
Tables of Sque^'cs, Cubes, etc.— Areas ^nd Circum- 
femnees of Circles up e-inolfDian^tei>. (Ad- 

S moing by 82nd9 and IBthsV — ATM ls of Circles 
d^ancing by lOths— Metnic E^'Uivalents — EquY- 
valent Values cl MillimetrcB and Inches— Kilo- 
grammes in Pounds. 


‘index 


267 



SUMMARY OF RESUL'IS ASSUMED KNOWN.# 

• ^ 

following are a few of tJie more important results tJilft 
^shoi^ be known by a student reading this book. They qge 
not intended, however, to rep^es^nt a complete summary pf a 
preliminary course in Mathematics : — 

{••Algebra. « 

(1) Hepresentaiitm of quantities by symbols, (This, how- 
ever, is developed at l«ngth in Chaps. II and 111.) Calculation 
from formula). ^ 

(2) The simple rules — addition, substraction, multiplication 
and division — and their applications. Tho student should be 
able to deal with easy fractions, factorisations, etc. 

Equations, linear and quadratic, and linear tasimuh 
taneoiis equations. Algebraic and ^graphical solutions of 
equations. 

(4) Indices. • *' 

moans tho g'* root of ar. 

The laws of ifid ices. 

a”* X o" = 
flw* ^ a** — 

== 

* tt<» = I. 

(5) Logarithms. 

Laws. log (a X 6) — log a + log b 
log {a -r b) - log a - log 6 
log a”* — m ^)g a. 
log^c = log^b X log^c. 

Numerical calculations with logarithms. * 

II. Geort.^try, j »• 

(ky Triayvgles, especially congruence {i.e. equality in all 
respects) and the following proposilittis : — ^ 

(a) The sum of the angles of a triangle is two right 
angles, i. 





SUMMAl^Y OF BBSUIiTS 


(6) Pythagoras'^ Thsorem-^M e is the. hypotenuse and . 
a end b are the sides of a right-at^led triangle, 
then c* s= a* + bK 

(2) Parallelograms^ ^ 0 * 

ifi) circles — cftords, arcs, tanl^ents, and the^iropoiytion, 

If two chords AOB; COD intersect at O, then 
• * AO.OB = 00.01). ^ 

(4) Ratio cmd Proportwfit simple results, especially^ ^ 

t A parallel to the base of a triangle divides th^side^— 
, ^proportionally-- * 

And the converse. 

Similar figures are figures having the same shape: 
they can be placed in perspective. 

(5) Mensuration : — 

(а) Triangle : area -= 1 a)ls - 6)(«^) 

• = ^hb sin C. 

(б) Trapezium : area = J(a + h)h, 

(c) Circle: circumference = 2irR 

^ area = nRK 

(d) Prism (or prismatic cylinder) ; 

volume height x base 

#= slant heighttXt'**ight section. 

(e) Cone : ' volume I base x height. 

(/) Sphere ; area = 4irR* ^ 

volume — SirR*. 

(« 7 ) Spherical Cap: volume = \irh^3R^h), 

{h height of cap). 

III. Trigonometry. , 

(1) The measurement of angles in degrees and radians 
(circular measure). 

(2) Definitions of the trigonometric ratios : — 

Sin 9, cos tan 0, oosoo 0, sec 0, cot 0. 

(3) Forn9iU<B. 

Cos* 0 -h sin® 0 1. 

Tan® ^ — sec® 0-1 ’• cot* 0 = cosec* 0 -c 1. 

Sinl-^os^l - 0j =. -^08 (»•- 0) 

® « sin (fer + 0f = - sin ( - 0j. * 

^ Ooa0^ sin - 0 ^ « sin ^ + 0 J = - cos (ir - 0)^ 

* ^ ^ cos (2*^ + 0) = cos ( - 0), 
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Tan^a^cot = - tan(ir -^e), 

Sm 29 xs 2 61 D $ cos 9, 

Cos 29 — cos ^9 ~ sm ^9 — 2 cohje - 1 
. • • •=» 1*^ 2bm^.* 

Sin (A + B) = sm A cos p + ^508 A sm B. 

Cos (A + ]^ » cos A 008 B 7 sin A sin B. 

(4^rho use of Trigonometric 'J ahlta^ The following special 


•latios 




• 

• 

• 

• 

• 0 

0^ 

30® 

46® 

60® 

90“ 

* 

Sin 9 

0 

• 

1 

VI 

Vd 

""2 

1 

Cos 9 

1 . 

• _ 

Vi 

"2 

1 

\/j 

1 • 

2 

0 

• 

Tan 9 

0 

<,'k. 

C., 

1 

• 

Vd 

Inlifiite 


(5) When 9 (measiareA iii radians) tb sniall^ bin 9 and 9 
approach each other m value, thus — * 

Sill 9 I 9 (approx, for 9 small), 

* 9 

au^ the fraction approaches unit>. 

The value of the tangent also appioaihos the value of 9. 
These facts art* illustrated byjiho following tahle — 


Degreeb. 

Radians (9). 

Sm 9. 

V 

sin 9* 

3hii 9, 

20® 

•3491 

3120 

10207 

•3640 

10® 

•1746 

•1J36 

l-0()40 

•1763 

5® 

08727 

•0871(5 

10011 

••08749 

1® 

•0174633 

•0174524 

1-0001 

•0174861 


It will bo ^o|ed that, when the angle is le^.s th^90^, 

• ^ ' ^in 9 <^9 < tan 9. i 

(6^ The followingiprop«jfws of a c are the 

sides of the tnangle, and A, B, G are the opposite angles 
^9 » + c* - 2bo COB A • 
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Tina* CAliOUM’S— IN TUODIICTION AND OKAP£IIC/fr, 
TUKATMKNT. 

• 

1. Physical Quantities and Numbers. —The 
^ physical (jiiantitins with wiiich the eiiji/ineer mostly 
has to (leal ar(^ lerii^tli, aioa, volume, time, mass, 
aei*,(ileriition, momentum, l’(»e(‘, ener^' or 
work, power, htjcss (eispeciall>' py'ssure, (jompression 
or hmsioii, and sheaiin^^ stress), and the electrical 
qujuitities, — (piantily <»l' electricity, resistance, •voltiif'e 
or potential, capa'^ity, electric force, quantity of mag- 
netism, magnetic l'orc(\ inductance. All these are 
moasiirabh Mnd cun he represei.ted by numbers. 
It is very impoiiant to notice that all measurement 
is a*pi)»'OXimate, not exact. 

We will tak(‘ the simplest quantity, length, and 
what is said of that apple*'- to all. If (vo use an 
ordinary scale we can roltd a length to tljo nearest 
in. or hy e.stiniatjon to the nearest m. ; if we 
use a microvnetei’ gauge, howeven-, we can 'read, say, 
to the rv3aw!sf ’ ])hysicists carry measure- 

meiU- to a much^highgr degi-ce of accuracy. The 
reading ob'ained in lh(^ second caS'R would beexpresfc ^d 
for instance by 6*43 in., and in th(* third, 6'427 in. 
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In iny reading th^ last figure expresses the limit of, 
accuracy of which our instrumowt is capable 

or which we require for our purpose. It is especiatly 
•important not«to oiftil final^ipherj ; thus 6 40 should 
never be written G-4, forjtho latter would imply that 
we were incapable of reading to hijndredths of an 
inch, so that the reading might really be, for in*^ance, 
8*37 or 6-42. ^ • 

As we have already ^aiH, our lijnit of accuracy 
pjay not be the delicacy of our instruments, but tfie 
special requirements we have in view. For example, 
if we were constructing a connecting rod, say 6 ft. 
long, we should have to make qj^ir ineasuromont to , 
the nearest in., but if wo wei’e estimating the* 
amount of to.r necessaiy for a path about 6 ft. wide, 
the nearest inch would be more than accurate enough. 
This does not rneaij tJiat we could not measure the 
path more accurately ; doubtless we could measure 
it to a*hundredth of an inch with proper precautions ; 
but the accuracy is sufficient for cyr purpose. 

Errors. — Very often we are not quite certain off 
the last figure of our reading. Such would be* the 
case if we were measuring with a scale graduated to 
tenths of an inch, and were estimating to hundredths. 

A reading 6*43 might really bo 6*41 or 6-44, say. 
The discrepancy is called the error. In some cases 
the error.may be eliminated or reduced by taking the 
average of several readings, but it must he borne in 
mind that taking the a\ jrage will never ^^ive another 
decimal place; fhe averag^qf tSfi scal% rsad^ngs edi- 
matei to^mndredths vnll m)t givejhe result correct to 
a thousandth. • 

The error ’mentioned, above is the absolute error. 
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What is usually more importani^ is the proportional 

error, thaf is the ratio of the absolute error to %he 

reading. The error on the reading 6‘41 of the correct^ 

^value,6*43.is ~«02, a«d the proportional err^r fs 

— '02 f • * 

V- ~ “ ‘003. It would come to the* i^tme 
o'4o • L • 

• thil^ if we took Usually thj? percent^e 

error is taken, i.e. 100 x proportional error, in this 
casj “ -3. We have a good example of this kind in 
the case of I beam and like rolled sections used in 
constructional stedwork. The makers cannot guar- 
antee the sizes of* those sections within 2.J* per cent, 
of the standard values. It would therefore be quite 
useless to calculate the safe- load upon a girder as 
12Si728 tons, because in that calculation wc* have 
assumed that the section is exhctly as listed, but it 
is probably not qu^te, so that 12 4 tons would be all 
that it is worth while giving as the safe load* 

In this connexion we should note that it is always 
the signijicani figures that count, not the decimal point. 

If, for instance, we are measuring the extension 
in a steel bar 30 in. lon^i^ and it comes to •0170 in. 
and we want the strain (i.e. extension per imit kuigth), 

we say strain = - *000587; this will then 

uU 

have the same percentage error as original * 
measurement although there are more places of 
decimals. ^ ^ 

§ 2. Mjfthegiatical RormulmJ The Variation 
and Interdepenctenceof Physical Quan^ties. — It 

' The student i| supposed to know a Uttle elementary algebra 
— seethe summary of earjy work, • ^ • 
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is convfiTiient for ’ihe sake of brevity to use single • 
letters for physicial quantities, and thei^by express 
the relations bctweoq them in a compact form. . l^or 
ins<jancc, for a rectangle wcfhave • ^ 

‘ length c breadth = aiea, 

f . » • 

and this niav be written 

d X h ^ A, or simply Ih = Ay ' 

if we agree that I shall* stand for length, h for 
breadth, and A for area. Or again take, ifie case V)f 
a rod of constant cross section sti*etched by hanging • 
a given weight to its end; th(^ elongation is j)ropor- 
tional to the weight and the length of tin 5 rod, and is ^ 
inversely proportional to th(‘ cross section. This*'' 
can all be expressed by the formula 


EA 


'• ( 1 ) 


wluM’ep'^ is the elongation, W. h the weight applied, 
I is the lengtli of the rod, A is its cross s('ction, and 
E is a “ numerical constant ” (Yo^.ng’s IModulus). 

Theses fonnulin exjiress laws connt^cting physical 
quantities. To work out a result for any practical 
case, we must “ put into the formula " tlui numerical 
values for this case. 

Vauiablm Quantities. — So far we have su])posf'd 
that we had only one iscjlated case to deal with, for 
example the elongation of a bar of given dimensions 
under a given weight. But we have also to think of 
instances wh!?rc the physical (|u^,ntiti(v. take a wl ole 
range, of values. Tn the cylinder of. a steftm or gjis 
engine, the .volume and pressure' vary continuously, 
and we jfre concerned with it not in merely one or 
<two special positions but in, every" position. The 
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volume and the pressure are vg.riable quantities or 
variables. • To take some other cases, the tempeira- 
ture of the air is a variable ; it varies with ^ the tivie, 
^^. 0 . from ho^ir tojiour atid fuom^day to day the^oii#- 
put of an engine varies the fuel consunu‘d ; the 
elefttric currei^t in a circuit vaj'ies witli the voltaf^. 
Weikjould consider the example lufuitioried above (1) 
as a variable case; we might siij 4 })ose the weight \V 
to inciease continuously, then the elongation 8 would 
vaiy with the load. • 

In all thes(i cases we might consider one variable 
MS indo pen deni, thr other as depending on it. TIk^ 
Lem]K*ratiire depewls on the time in this sense, that 
if the time is given then the temperature is deter- 
mined ; at !2 o’clock the temperatui e was GO *, at ‘2.80 
it ?^as (52'' and so on (this does not imply a plgysical 
relation between temperature and time, but only a 
coi respondence). ^A^id similarly yith the otluu* cas(‘s 
— the pressure in a cylinder is determined at (‘ach 
position of the ]jiston, so that the pi’essure is d(^- 
p(*ndent upon tlu^ volume. In thes(! two castis re- 
spectively the Lime and volume will be spoken ot as 
mdepcndenl nanables, thy tempei'ature, and pressure 
as dej^enden t variables. But this disti 1 1 ciion is largely 
a matter of cojnauiionce : v/e might quite well, and 
sometimes do, consider the \oluine as dejifuident upon 
the pressure in the secefnd examph;, foi*is not the « 
volume determinate) for each givtui pressm e ? 

Ex.\MpnMs ON VAioAirnKs. — Jn most engineering 

• • • 

iimst tlislingiiish ln*i\voon the two c\prc*^>^jonH “ varies 
as” and “ varies with ”. the foiiucr, implies the proportion- 
ality of the two (yiantities ; the latter does not infply any parti- 
cular manner of varying^ 
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pocket-books will be found the formula for width of 
shai^t keys • 

' ^ = \(i + j 

\<^he):e b is the b'readth of the key ii? inches, and d is 
the (lianieter of the shaft ip inches. 

^For any giv(3n value of d we can finduh by meani of 
the formula ; b is therefore a dejiendent variablet^he- 
, cause its valfte depends on the v.ilue of d that we are 
using. We shall have a number of examples of 
sim*ilar formuke as we proceed in the book. ^ *' 

EXERCISES 1a? 

Tkp. folloicimj exercinPK are intended to give the 
student practice in the me of formulcB and the trans- 
formation offornmlce from one form into another. 

1. The horse-power transmitted by a belt is gi'Cen 

by the formula TI.P. == 'Ilh where n is 

OtlUUU 

the number of revolutions per mii/ute, d the diameter 
of the pulley in feet, and T, and T., the tensions in 
lb. on the tight and slack sides Inspect! vely. If 
Ti 2 T., find the tensions when n =* 100, d = A, 
and H.P. 3.J. 

2. The resistance of electric circuits in parallel is 
given by the formula ^ = L -i- L .p , . . where 

K rj rg 

R resistance of whole circuit and r,, etc., are 
the resistances of the separate branches. Find R when 
= 10 aftd r.j = 20 ohms in the case of two 
branches. 

3. Using th^ formula of the previous question, if 
r, == If) ohms, what must r.j be*‘to makr If. = 10 
ohms^ 

. 4. Given that 1 in. = 2*54 cm.'' and 1 kilo. = 

2-205 lb., find how many kilos, per sq. cm. corre- 
spond to 1 lb. per sq. ]ri. 
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. 6. A horse-power is measured^by 33,000 fo^-lb. 
per minute.® If a grm.-centinietre is 981 ergs aijji* 
105000,000 ergs per second make a watt, find how 
many watts correspond to 1 hoi’^e-power. Use the 
•nkita of •question !.• • • * * • • 

6. If 42,000,000 ergs ar^i e!l]uivalent to the heat 
required to raise the temperature of 1 grin, of water 
V ceijitigrade, how many foot-lb. will be required t<f 
faisfi 1 lb. of water through I*" Fahr. (a rajige of lOQI* 
C. is equivalent to one ofc 1^0"’ F.^ ? Use the data 
o^ questions 4 and 5. 

7. .The equation to a parabola is of the form 
y “ ax^ bx 0 , When x = n, y — o, when 


X = // = r, and •when x L, y 0 ; express y 

•in terms of Xy L and r. 


8. Ite^ ^ i + X + - 

. 2 2x3 


X* 


^ 2x3x4 

calculate its value to three decimal places when 
X = ’2. • 


9. In the formula y = ax'\ y = 2*34 when x — % 
and y — 20 02 when S; — 5. Find a and n.^ 

10. The absolute temperatures of a gas before and 
after adiabatic exfjansion are given by the foi-mula 

T \yj ■ 

If ^ and y = 1-4'bH, find T, it T, = 531" F. 

(abs.). 

11. The mean pressure in a steam engine cylinder 
under isothermal expansicti is given by the formula ^ 


^ (1 + 2-3 logij, r)y where jh initial 

r • 

pressure andtr is tlie ratio of expansion. Find if 
= iSOlib. per sq. in., •and r = 6. 

12. The flow <ff water in cubic feet p®r second 
over a triangular notch, the angle of which is a right 
• 8 
angle is given by the formuL^ Q = q J 
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where 0,^ is the ** ecylhcient of discliar^'c ” and H is the • 
h^jad ill feet. Find the flow if == cflO and the 
head is 15.^ in. • 

13. If e - 2-718, And el 

14. If = 5 sin .r 4 dos x, And y 'for x t= 1 20i^”* 

15. The ratio of Ufe Vensions and T., on the 
tigkt and slack sides of the belt ipinning ovfn- a 

yulley is given by th(i formula : 2-3 log,o 1 K 

' where y. is the coefficient' of* friction M.nd 0 is the angle 
of lap in radians of the holt ii])on the pulley. H 
'Fj - 480, /X - -4, and 6 - 120 , find T,.’ 

IG. The efliciency of a serums of n pulleys is (‘qual 


to '#/” where y is the efficiency ofM^aeh jnilley. If r; 
is -94, lind the least nurnliei* of ivilleys that must be ^ 
eraploy(^d if the elUciencv of the sciies is b'ss than ' 
50 per cent. 

17. The hors^'-povvor absorb(*(l in friction in a 

. • 2.tNT , 

trusto-conicaJ pivot is wneie 

rp 

12 X 3 sin a (H“ - Kf) 


Find the hors(i-])o\v(‘i' if N — 1 lOJ^'K ~ 2, = -75, 

= -08, a — 30 and W — 2500. 

18. 50 cells tlie voltage of (‘acb of whicli is 1*8 
volts are conne(;ted in series and the circuit is com- 
pleted by a wii e of 15 ohms resistance. If each cell 
has an internal resistance of *3 ohms, calculate the 
current in the circuit by the foi inula 


C (amperes) = 


(volts) 
It (ohms) 


where Fj iotal voltage and K — total resistance. 

19. Using the result of quesliSu 5, hud the horse- 
powj 3 .r alisorbed by an arc lamp nsjugO amper<*s and 
having a voltngc dipp of 50 volts by the formula 

\\5itts ^ } mperes x voltage drop. 
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20. Hutton’s formula for wind yn'ssiire on inclined 
surfaces is • • , * 

• - P.sin 61 “ K 

where P,, = pressure on^ a vortical syrface, ynd 0 is^ 
*^ie angle of •incliftafion of the surface to the hfDri- 
zonhil. Find Pq if P,. ^ hO, ‘and 0 === 30'\ • , 

* * ^ 

%. The Expression of Physical Relations by 

•me'&ns of Graphs. — The representation* of tlie d^- 

])e,ndence of two variabfe quantities hy means of a 

c^irve will already be familiar to the student, for even 


Sun Juh/ se^ Mon Jut If Z9^' 



Fid. 1. — The above ehart is con true ted to show iJie ther- 
monietric recoi’dfi for two da^Yh. Mio d(»t indicating' the position 
of the thennoineter every Iw*- hours. From “The Daily 
TolcKHiph/’ 30 July, 1012. # ^ 

if he has not done class Avork in “grajdis,” he will 
have seen exanijtles daily — the weather chlirts in the 
pajiers, ihif dia^n^an* showing growth of population, 
of exports and inifiorts,^and so forth. Lefeus take a 
weather chart as a first example.* 

In this chaTt obsei-valions have been taken at 

• * A 
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intervals of two Ipurs. We cannot get an exact 
temperature curve from this, as we do ncA know the 
temperature between each pair of observation’k. 
Hoyev^- if 7iJfj drM g, sviooth cy^rve through the 
dots,^ we shall obtain curve which differs very 
slig^itly from the time one. In making this statement 
we rely on the fact that the temperature doeg^not 
vary in a siidden i^id irregular manner in intervals 
so short as two hours : from 6 a.m. to 10 a.rn. on 
Si^uday the temperature was rising ; it was 63‘' {ft 
8 a.m. and 65"' at 10 a.in. ; at 9 a.m. no doubt it was 
not very far from 04"". « 

This process is called inierpolijhtmg : a good d(»al 
of judgment must lie exercised in doing it. The 

* 'I’he art of drawing' a good sniootli curve through a number 
of pon^iS is very valuable to an engineer and one rather difljL*ult 
to aaquire. It will assjst to remember that the piece of the 
curve which lies between two consecutive points is affected by 
other points on either ^ide. This is Sfccfi in the diagram. He- 



Fio. 2. « 

c _ 

fore drawing in a piece of the curve freehand/ihe pen or pencil 
should be ii9n two or three times Jhst over the points in orrler 
^'to accustom the hand fo the shape. A “ French curve may 
also bo used. 
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nature of the data given, and the ngiture of the graph 
required mult be taken into account. !For instanci^ 
in souiG cases the data are known to bo not very 
► ja^p-ct while thp graph is kiiow.n*tc) be ^nooth*(as in 
a “ stress-strain " curve forar^mt^al bar, for instance) ; 
the gPaph need n#5t then be drjiwn through the actual ^ 
points* but should strike a smooth medium path 
amongst them. In other cases, althonglf the data^ 
are exact, we do not require tiio exact graph with all 



Via. B. 

its irregularities hut something to show us the general 
tendency of the dependent yariablc. Such modifica- 
tion of the data is dangerous, however ; in the present 
instance we have relied implicitly on the -‘Daily 
Telegraph*' and have drawn the curve strictly 
through the dots. » 

SijOPKs and Bates. — Notice that wJicm ilie curve 
slopes uptvard^ the temperature is increasinq, and the 
stepper tlm ^ope^ the viore^rapid is the rate of rise. 
When the curve slopes downwards the ten^pcrature 
is diminishing. • , 

Critical Val\jrs. — When the curve is liorizontal 
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tho temperature isi neither rising nor falling, i.e. it is 
^ationarij. Such points occur at ABCDJ5F(> (Fig. 3) ; 
the temperature here is said to take critical vaiitcs. 

* ,At D, G*the tempcrakire ha% - 

they^are preceded by "a rise and followed by a fall, 

^ At A, C, F the temperatin-o lias 7/kinimum values^: 
these are preceded by a fall and followed by«a^r/se. 

* At K is •a pohU of inflarioii : it is preceded an5 
followed by a fall. A point of inllex.ioti clearly may 
i^so be preceded and follow’^tid by a rist;. At appoint 
of inflexion the curve chang(‘s from concavi* to convex 
or vice versa. • 

These' ideas are of the; utmost impoi‘tance, bein^« 
at the basis of the calculus: we shall use a more 
convenient curve for their nuitK'i ical discussion. 

^ 4 . — Slopes.' Mkasuukmknt or Bloi'ks? and 
Katks ; FiXAMPLE •OF Steam-FjNoine Mechanism. — 
In tho following, cui’ve, the g.b^cissce (i.ci. distances 
measured along the horizontal axis OX) represent 
thf^ time, while th(j ordimUcs (i.e. ^listancos m('.asured 
vei tically from OX) repi(‘S(*nt thi^ displacements of 
a point (the cross-lu'ad in the steam-engine mechan- 
ism, see p. 93). The rat<; of inci ease of the oidin- 
ate measures the movement of thti cioss-head in a 
unit of time and so is the speed of the point. 

Take any point M on the axis OX, and let MP he 
the corrasponding ordinate. Let us jopiesent the 
length OM by the letter t, and tlie length MP by ?/. 

^ ShypflR or Ratrs are TOi (f'c r St I ^,oeJ]}i'u^7i1}i 

and Porivutives. 'these words all niCMii wiiai aiiioiints to tli ' 
same thin? but in different coniietious. We sliall later on use 
the term Di^emm ial CoeJUice^il as it is tlio one in most general 

Jl6e. 
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.Then i is the time which elapses from the starting- 
point, and 2 pis the displacement. Take now another* 
ordinate NQ : MN is the increase ov increment in tho 
time, and if we draw WQ horizdritally? KQ is*the in-„ 
crement in the dis 2 )lacemenU We shall use the 
symhol 8 to deiujte “ a cliawje in ” and then weWay 
write* 


MN = U ; KQ — fv/.* » 

> t 



PWt. 4. ni^plaocMiuMit curve for steam engine mechanism : 
connecting J()(l x crank. Ordinate - di^ijlsioemcnt ol-' cross 
head : 1 unit -= crank length. Abscissa -- time or angle through 
which crank has Inrned, : 1 unit - (U) '. 

Now as the avei’jigt' rate of incroas(J of a quantity 
is equal to the total increase divided by th('. time, we 
haVe : — 

.. . f 

av(n*ag(‘ rate ol increase oi y ^ 

— average speed of cross-head. 

If the chord PQ nu'ets the axis OX in C, and if 
we write M(3r ^ ang'*e the chord PQ uiakes with 
the axis of x, then wo have KlXj == MCp -= since 
PK is parallel to CM. 

JTcnctf ifT'-erage nVte of jncrease of y 
1* 

' Note very carofiifly tha? 5 is not a symbol doi?oting (juan- 
tity : it is more of the nature of the signs 4- , x , etp. 5?/ is itself 
one single quantity, the increment in jj. 
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St PK 


tan 
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« 

A f^lanco at the figure shows that the avera"t> rate 
' otiiict’baso isTless tliau the*actualtrate .at the,pointJU 
(where the curve is steeper). Suppose now that the 
^ordinate N(j moves up towards MP. It is evident 
that tJie anmuje rale ajyproximales to the actifftbl^rate 
at P. Afld if Q. were sufiiciently near to P, the 
avei-age rate and tlie true rate at P could be cou- 
aidered as identical. At the same time the /3hord 
CPQ would become indistinguishable from thti tan- 
gent at P to the curve. CalliiTg 0 the inclination 
MTl^ of the tangent at P to ths» axis of x*, we must^« 
therefore have 


True rate of increase at P ~ tan 0 ~ (whc»n84 

• ot • 

and with it become very small). 

This we deJinc as the slope ^o/^tJee curve at P and 
we use* for it the notation 


dy 

dV 

This slope is in essence a ratio but it is best for 

f 

most purposes to regard as being in one piece, the 

parts dy and dt not having any separate meaning, 

while 6n the other hand is a fraction pure and 
ot ^ 

simple. 

We are thus able to fin^a rafe froifi {^gj^aph — in 
this c^se^a speed from a displacqjnent curve. We 


^ See Buhimary of early work for the metwn'tig of tan 0. 
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^ havG only to draw the tangent tQ the curve at the 
point in question and find its slope. ^ * .o ‘ 

•Negativb3 Bates. — The right hand half of the 
curve descends, or slopgs dow^iward-^;. If we take> 
an ordmate M'P' and a conf^ecutive ordinal-o N'Q' 
in the same way as before, the second ordinate’ is 
shorter than the first. The increment or change ih 
%h^ ordinate is a negative quantity ^ and -is equal Vo 
viinus K'F, i.e. 

. % = - KT'. 

The rate or slope is obtained as ]:)efore, 
dy 

and it is still tan* O' or but it has a negative 

value ; the angle O' is the angle which the tangent at 
P' yiakes w.th the axis of x and is, according to the 
usnfll convention, considered negative. 

Zero Bates. — At the summit of the "curve and 
also at O and a?, Ihc^ slope, or rate of increase is 
zero, 


is not easy to draw a tangent to a, curve ni a point accu 


rafcltj, A gi) 0 (l plan is to 
mark off two near poiriis K, L 
(Fig. 5), on the curve equi- 
distant from P. Then KL 
gives a better direction than 
an attempted tangent. The 
slope may be found coincn- 
ieiitly by finding tlic rise be- 
tween two points on the line 
on ordinates «iy) I On units 
apart. T^e siopr need not* 
always be measured ••'immenr^ 
cally, but the length repre- 
senting the slope <7an be picked 



with dividers, 
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i.e» 


t - 0. 

(lx 


This clearly holds at all cj’itical points. 

5.* Derived Curves.— t-We the^rate fiL 

any point of the curve ii^ the above sr.ction : tlie rate 
tlfcn is a varial)le quantity which taW's up one Wue - 
at eacli value of the abscissa, and thfjreforc it «an bo 
graphed iA a sivular dia^grain. Such a curve is 
called a derived curve 6). lii this case it is a 
c^erve of sprsds — a velocity curve. 



initially zei o, that it is most rapid in the neighbourhood 
of B, then diminishes down to zero at A. It then be- 
comes negative, the greatest negative value occurring 
at ]) and finally the slope vanishes again at 6. 
Note that the derived cu^vej ci’osses the axis at the 
critical points of the original curve. 

The dei’ived curve is c/'itained graphically by find- 
ing the slope Tit a series ^f jwfints dh iht; original 
curvtj, aird so obtaining a series oF^pdints on the new 
curve. It is one ol the most unsatisfactory processes 
in graphics, but (when the law is «iot given by a 
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.fomiula so that tho methods of Chapter Ilf do not 
apply) theri is no other method of 'attaining the' 
roi^lt. 

Second De^wiveJj) 0uii)iEs.--j-J5t?irtin^ with ffho dt- 



• A 

Fra. 7. 


rived curve we can find its slo])e at each point, and 
so fi|)tain its derived curve. Tho second derived 
curve will express the rate of chTingc of tho rate of 
change; in the case^in^point it will express the rate 



Fra. S. 

• • 

of change? <tf th^o speed aifd will thei-efore bo the ac- 
celemtlon curve m. 7 ).. • 

Note , — Curves are sometimes •met wi<h which 
make a sudden Jump; is in the IJgure. Sucb-curves^ 
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are called diacontiniionb : 



they luive of course no. 
“ slope ” f:t the points 
of discontinuity. 

ot e f l equently we 
find cm ves with sharp 
an.^doiiV Tn these the 
slope makes a suddfin 
chancjc at the angles, 
and is dI‘»c*ontinuous, 
hut the curvt' itself is 
continuous. 

Ff a curve is dis- 


continuous or if its derivcMl curve is discontinuous we, 
cannot express tlic quantities wdiich it lepresents hy 
a gcMKiral formula. 


ExAlSIl’l/.^lS OF DrSCONTTNUITY. 

Shear and Hendifuj Moivii! (Uo'vcfi. -A v(‘rv 
familiar example of a discontinuous (*,mv(‘ in 
engineering work occurs in tlui "-asj^ of sluiai dia- 
grams for })eams with isolated load sysienns. h'lg. 10 
shows sucli a cise. 

Now it can he shown that the sh(‘ar diagi'am for a 
beam is th(' (hu-ived or sIojh* cui’ve ior the bending 
moment diagram and that tlie load diagram is the 
derivTAl curve for the shear cuiw(i. It is chiar from 
tlie figure that the hending'moment diagram has sharp 
angles so that w(? see that wlum a curv(i is discon- 
tinuous, it is de\;ived from a curve wdth sharp angles. 
Furtht^r, the derived curve for a curve *iV’th sharp 
angles vTill consist f)f a niimhcrof isolated pieces; 
this is clear from the load curve which consists of a 
number of isolated forces or vertical dines. 



Flii. 10 . 

• ^ 

fereiit ymints in tho stroke, ol’ a steani engine (Fig. 11), 

we have another familiar exami)lo of a curve with 

f» # 



sharp angles ; the.fHi poirjjbs occur at A EC DJI which 
represent the “cut off,” “roldhise,” “i:*.xhaust,” 
“compression ” Tlrid “ full admission ” respectively. 
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S 6. Sum Curves. —The following curve is a. 
'ank-tiffort of force diagranL We use ilJHio illustrate 
curves of areas, mm or integral curves. 



Taiile or Auk vs. 



In this (liagrani the ahscisste rcprcisent the dis- 
tance through which the*' crank pin moves up to a 
half revolution; the ordinate represents the crank- 
effort, a force acting upon the crank. Take any 
ordinate MP, and aii ordinate NQ very near to it. 
When tfie crank pin moves through the distance 
MN, the piston will do work equal to 
average clfort x , 

Now MP and NQ are very nearly equal, so that the 
work ddSe is appi'pxirnately** ^ 

NQ X MN = rectangle NK. 
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. The rectangle is practically a slgie of the curve, if 
we neglect fhe triangle at the top of the rectangle. 
Ho* that the work done is equal to the area of the 
j[\arve between flue t^vo cor§espo^t^iu(j orcHnalcs* ^ 

This applies to the motion •through a very short 
distance MN ; if we want the work done by the 
])istoi» while the crank pin moves from A to M, we 
shall only have to add together all* the similar slices 
of the curve for a number of short motions making 
up AM. Thus the woik done by the piston white 
* the crank pin moves from A to M is equal to the 
area under the curw from A to M. This is an e,ract 
^Jesuit, for we can iniiko the short motions lik(‘ MN 
fi.s small as wo please, and hcnco the row of triangles 
like yPK will form a vanishing area lying along the 
cui'Vi: in fact these triangles occur only in the {W’oof 
and not in the result. 

\V(i can now draw a#second curve th(‘ sum ' curve 
(Fig. 13), in wliich the abscissa', aie the same as 
before, and the orcknate is area of the original or 
prinjfitive curve up to the corresponding point. 

The studcjit will notice that tht* sum cui ve must 
start at zero at A and rise«(*ontinuousJy ; also that it 
will move rapidly when the ordinate of the orginal 
cui've is longer, so that area is being lulde.d on faster, 
in fact its rate of rise or its Uope is prcqxn lional to 
the ordinate of the original curve. This hfci. is very 
important and we sliall return to it. 

We have described this proct'ss h r a sj:)ccial curve 
— crank- iflfert or force diagram — hut it may evidently 
be applied to any «urve,, whatever its signilitanco 

^ 3’he reason tor ciillinf? this a sum curve is apparent already, 
and will be explained latei^ . • . 




Kkj. ] i.--V(il<)city Curve. [This onrve is the cosine curve, 
and represfiits the velocity in L Imrinonie molinn.J 

Now tho (lisbiTico covered by a movirif,^ point is the. 
.wu'afjjc* velocity' multiplied by tb(j tiine : for a very 
short period of time) the variation of th(5 Vclec.ity may 
be n(^gl^.5ted and the short ,distan*3e described is this 
velocity multiplit^d by the short inteival of time. 
The student will see .hat if we measure from the 
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.starting-poiiili, the- displaceiiicvt oi the moving point 
is given hif the sum curve, which is* tln'i f'fore tke 
displacement cin ve. 

It wjll h(j ol^s(M‘^.'d thaWso long*as the velocity curve* 
is positiv(^, the displacemerft (Airve rises. At B the, 
ordinate of the^^elocity curve hecomes negative, and 
with^t the added aioa. fAi*('as below the axis are 
negative.) The moving point cointis to rest at and 
begins to move backwards. So the sum curve 
ceases to i*iso and bt'gins to fall ; it continues to fall 
so long as the velocity is n(‘gativ(‘. It ^^ill be re- 
marked that alter *0, the lotfU tirea of the velocity 



*uu;ve is negative, since tin* negalivti ai*ca below the 
axis exeiH'ds riu* )M)S'nve area above it, /and conse- 
quently the sum curve is*negaiive. 

,^7. — Connection between sum curves and de- 
rived curves. W(^ shall now j)iov(‘, what the 
stiuhmt has already sus])ecleil, that if om curve is 
the thrived curve of anolfici\ tin u the se^oivl is the 
sum curve of the first. \V(» shall u<o a paii- of curves 
that we have already discussed, na.nelv lugs. 4 and 
h w[iicli»w*e leproduce (liigK, U) and 17). 

The ordinate l.jli in Vig. i7 is afiproxirnfftoly equal 

to in Fig. 1(3 (in the system of units 

LUv Sa; • . . ‘ 
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adopted). Callingj, LAI = we have then 
® z = (approximately). 


• And* we hTave th* provr that ^ the increment in 



th(i ordinate in Fij^. 16 is equal* to an increment of 
area in Fig. 17. That is to say we must show that 
== z 'x (apx)roxiinatcly), 
and this is clearly triu*. 

This result is, of 'course, not rigidly j)roved, since 
each of the equations is only aiir ax>proximation ; how- 



Fig, 17. 


ever we haiye seen already diat the shoi ter the interval 
considered is, the closer do these ajiproximations 
become, atid, taking tiiO intervals short enough, 
we can make the apjiroxynaticfns as^cle.st} as we 
please. -.J^Toreover we have ^also i^eeii that all prac- 
tical work. is apx)rcximate in nature and not exact 
(§ 1, p. 1). Hence the mathomatical result covei's 
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all that we do, or ever could, require. The uiatlie- 
inatical resiAt is exact, but to prove this rif^idly, it 
would be necessary to introduce mental processes ' 
with which the an^nneeiiiLg stjJcTent is hot, as 'a ruje, 
familiar.- • • 

S Measurement of Areas. — Fiust Mktiiod^ 
— OouNTTNG Squauks. — To obtain the sum curve, 
thC'siniplest method is to draw tht?*orif^inal curve on 
^’C]iiared paper, and to count* the squares. Fig. 13 
has been obtiinod from Fig. 12 in this way. 

* The'*4(ite.J‘mination of areas is very important, and 
we proceed to give several other methods : these 
methods are more iiccurato than th(5 one already 
given, but (excepting the second) they are not so well 
adapted for hnding a gi'owing area at eacjli stage. We 
shalf^meefc with the method of ralculatuuj areac. in 
Chapter V when we are doing symbolic int(\gratiori. 

Second Method.— 1ib(i sum curve can be obtained 
graphically as follows. Let AG1>, Fig. 18, bo any 
primitive curve on* a straight basc^ AB. Divide AJ3 
inTo any number of pai ts, not necessarily equal (but 
for convenience of working tliey are generally taken 
as equal). These so-called «base (denumts should be 
tak(}n so small that the portion of the curve above 
them may be taken as a straighu line. x\bout 1 cm. 
oi‘ •! in. will usually bo a suitable siz(‘, and m most 
cases a smaller ele3ment ll will come at llu' end. 
Find the mid-points, 1, 2, 3, etc., of eacli of the base 
elements and let the verticals thiv'ugh these mid- 

^ Especially •..bc mctliod of fiiitfits : this wc shall, as a matter 
of fact, employ later on^ but in a rigorous ^ 

^Obtaining a sum curve is called the inverse 

lirocess of obtaining a derived curve is c(ljjere?itiatmg : see 
later (p. 71)). 
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points meet the cnrvti in Jrt, 2a, 3a, etc. Now project 
tlhe last })oints on a vertical line AE, tlJus obtaining 
the points lb, 26, 36, etc., and join such points to a 
pole V on AE piO(lKced*‘and at soijie couvenieut 
distance p from A. 'Adross space I then draw hd 
^parallel to J* 16 ; dc across s])ace 2« parallel to P 26»' 
and so oih until the f)oint n is reached. Then the 
curve A dc . . ! a i«^thp sum nirve of the given 



curvj, and to some scale represents the area of 
the whole curve. 

PROOK. — Consider one of the chjments, say 1, and 
draw /b*horizontally 

Now A f cj 0 is similar to th(5 A P 46 zV 
« (fo 46 h. 

.*. • - — C - 4 

/(>. PA ^ » . 

but PA = p an^l 46, A 4, da 
•fo X 4,*4rt _ area of ehiiiumt 4 of curve. 

--- p ^ ^ . p 


go 
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' Biinilarl^^ = and so on- 

V 

. .*. Oi dinat.e thioii^li (j — + /(^^ + • • • 

• • _ o&first fcflir ekemcnts of curve* « * 

• "P ^ 

.*. Th(i curve «\ rZc . . . // is the sum curve r(3quii e(]. 
TlHiu if B n ho measur(‘(l on the vertical scale and 
'}) l)(‘ measur('d on thti hqrm)ntal *seali‘, the area of 
t];ie whole curve will be equal to^> x V>n. 



Jt Isobviousi) a(h isa])le'„omake /) some convenient 
round nninher of units. 

The sum cui v(i obtained by this method may have 
the samti o})eration performed on it, and thus the 
s(K*ond sum curve of the ))rimitive curve; is o’ntained, 
and so on. 

If the ojXMjation be pei-formod on a rectangle, the 
sum curV(' wi[l olwiousK come a sloping straight 
line, and if tlu: surti curv^. of a sloping straigRt line be 
drawn, it will be found to be a paiubola (g 12). Tn 
llu» cas(; in which it is vt'quired tQ apply this construcg 
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tioTi to a curve which is not on a straight base, the- 
chrve is first i)rought to a straight base a‘s follows : — 

Suppose A6*J3d Fig. 19, is a closed curve. Draw 
' veftica^s through AB»-to •moot r. hQrizontal base 
AB. ^ Divide the cui'vo 'into a numixjr of segnjents 
Ijy vertical lines at short distances »part, and sot up 
from the base AB lengths etc., equal to the 

vertical portions *ah, etc.,^ on clu' curve. Joining 
up the points thus obtained we get the correspondii 3 .g 
curve A on a straight base. ^ 

TimiD Method. Flantmktkr.- -This insiiument 
is to be found in most drawing* offices, and gener- 
ally provides tlu) quickest and nA^st accurate method, 
of measuring areas. The patte^rn in most general 
use is Amslor’s. 

A*square rod A, Fig. 20, carries at its end a ])ff!nter 
E and has adjustably fixed to it a slide B to which 
is pivoftjd a second rod C. KHiyh rod carj ies at its 
end a weighted pin J) which is pressed into the 
paper and thus fixed relativtdy thereto. The })ointor 
E is first placed at some point X on the boundary of 
the area aijd the reading upon the graduated wheel 
F which runs ovei’ th(^ p&per is taken by aid of a 
vernier. The 2 )ointer is then moved carefully round 
the curve until the point X is again reached. The 
reading of the wheel is ^then taken again and the 
difference* between th»' two I’eadings gives the area 
of the curve. The measuring wheel F is geared up 
to a second \vh«el G. The scale to wjliich the areas 
arc read is adjusted by moving the sljde B tilong the 
rod A. "^f^tudents should ertrloavoftr to obtain prac- 
tice in thd use of tliis instrument. 

, The proof of the, working /)f the* instrument in- 
VoiwJS some Athor advanced work which is beyond 




Fig. 20. — Planimeter. 
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our pres63nfc scope it is rather better to acccipt its . 
'aQsuracy withbut })roof than to attempt pi oof tliat 
is not really sound. 

% Fouktk Methoi^.* ^Mih-Okdii^^ate^ -fciiJLE^. — The 
area of a curve is tlut vivwage height unean ordinates) 
xUHe base. . 



Sul)divid(* the curve into rertical sii i 2 )s of equal 
broadtli, and draw the mid-ord inala of c^aeh sti’ip 
(th(* dotted lines). The ave'rage iieiglifc of the curve 
is approximately the average of tlu'se dotted lines. 

groate^r the number of strips the closer will tlie 
approximation be. If thn length of the base is a, 
and there are n strips with Tnid-ordiiiat(‘S 7/^, 7/.„ 
. . . , 7/„, then we shall hav(3 


Area = a 


V\ + 


Vn 


=;,^(.Vi+ +?/«)• 

The curve in the figure is a quarter of an ellipse. 
We haVli chosen intentionalAy a ciik ve, which becomes 
stee]), and which* therefore is not well adapted fo 
Simpson’s and son^e of the^other* rules — (see the 
• te^t% applied to this curve below). 
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. Fifth Method. Rimpson's li^jDE. — The area 
imisl be subdivided into an even mnnbei- of strip.*? 
(in tliis ease (i). if the seven oi’dinatcs which bound 
ti^ese sioi strips^are4*all(‘d 1/2 JUj /A;> ?/:> 

the breadth of cadi s/rtp is rS*. then 

Ami - ^|»/| +*!)■; i(t/.,+ //,+ //,-,) + 2 (?/., + ?/,,)]•■« 

• O 

^ sum of cxtvcnittou^i nates, plus four times 

SUM 1 of even ord in-ites, ])1 ustwiee sum of odd ord iiiates]. 

• This VW^inipson’s h'irst Jhde: we do not think it 
worth while increasing th(5 number of methods un- 
'Jiily l^y giving Sirnpsi^n’s Sesiond Jtub*. 

Sixth Method. Wkddlk’s Rule. —This is the 
most accurate of this tvjie of methods. The only 
object^)!! to it is that tlie area must b(^ subdividc'd i^to 
six equal parts, or a multijdc of six and not any other 
number. Using the sanift notation as before tlie rule is 

Area ---- -- \y^ ,^-1 ?/o + ?/: -h (//j 'H //,;) + 0?/.,]. 

The following ai'e tlu^ dotei-mi nations of the area 
of the above (jurve )»y the s(*v(*ral methods: — 


El nu'. 


; Frioi. I 


' Exjiot value 
1. Counting s(iu:irt*s 

! 

' 3. rifininieter 
I (three reading) 

, Moan *. .V 
4 Mid ordiiiato.'^ . 

! 5. Siuipson’ri Hide 
; G. Weddle's Rule . 



uil. 




14011 

- 0-0') 

* - 

0-3 

1P2 

* 0-1 

-- 

0-7 

14-13 

0-01 ' 


0-1 

14* 11 

0-03 

_ 

0-2 

14-16 

! 0-02 1 

+ 

0-2 

14 -13 

o-oi i 


0-1 

U/iG 

- 0-12 j 

f’ 

0-0 

1-1-00 

- 0*14 ; 


1-0 

14-03 

- 0-1 1 1 

- 

0-H 
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Note that on j^icount of the “ steepness results 
for rules 4, 5, G are not very good : usujilly Weddle’s 
rule shows a more: marked superiority over the others 
t^^an ft does^liero. ** jr ^ ^ ^ , 

Bemarks on the laH three rules . — Greater af.‘cura(3y 
^is always obtained by increasing tht number of strips 
into wliich the curve is subdivided. Thes# rules 
give the best rcJsults for^ curves N/hich are smooth 
and which do not become steep. ^ 



Fio. 22. 


They apply equally weJll to closed curves fFig. 22) 
which must be divided into strips of equal breadth 
as before. In the figure there are eight strips, and 
the end ordinates and both vanish. But at the 
ends the^ curve is steep, so it is bette.r to separate the 
end strips and cut them up in the perpendicular 
direction. • 

The rules (especially Wfeddle^s) wjll etctfi apply to 
irregular areas in which % the (udinates meet the 
bounding curve foore than twice. In Fig. 23 the 
fourth ordinate OINP meot^ the durve four times. 



ABEAS 
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The corresponding length is sum of LM and 
NP. Greal accuracy must not be expected as the 



curve becomes steep several times, but the value ob- 
tairijed will be good enough for most puiposes. 


EXERCISES iB. 

1. X and t arc tfco distances in miles and the time 
ill hours of a train from a railway terminus. The 
slope of this curve at any point is a measure of the 
speed. What is the greatest speed and at ^hat point 
does it occur ? * 



0 

15 

6-0 

14-0 

190 

2 ] 0 

t 

21 j 

21-8 

23*0 

24-7 

♦. __ 

. 26-8 

t 

0 

01 

0-3 

0-3 

0-4 

0-6 

0-6 j 

0-7 

0-8 

0*9 

1 * 0 . 


2. The* following values of p and 0 are given. 

j • # • . 

J i.1 I _1 n 1 1 K 



3'4 


CAnC^TfjUS ]<’OR KNGINKKBS [CU. 1. 


c 


e 

V 

m 

, 14-70 

105 ' 

17-5.1 1 

no* ■' 

20-80 

115 

24-54 ^ 

120 

28-HS 

J25 

:4:i-7l 

c j:io 

no-25 


1 


3. Tlic following fornuiUi gives the increase c in 
volume of one j)onn(l of WM.l('r in chanf^i^ from 
water to steam at an absolute .temperature t eenti- 
j^nacle and 2 )ressure p lb. ])cr sq. ft., L being the 
latent heat and .1 the iiieehanical equivalent of heat/ 

J L (U 
^ “ i ' d}) 

is thus the sloi)e of tlu* curve of t plotted against 

p. b^ind c at t — 42H given \j = 497’2 and J = 
1393, th(i r(4ation between t and p being as fol- 
lows : — 


i 

V 

413 

7503 

418 

8008 

423 

0000 

428 

11380 

433 

12040 

438 

14080 

443 

16580 




4. The following numbers give the speed -y of a train , 
in miles per houi' and th§ timdU- in minutes from 
starting.* Drawlhe sum curve which gives the dis- 
tances passed through and find the total distance. 



EXKRCISKS , 
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V 

0 |2-4 

4-f 

7-2 

I 1 1 ; * : 1 1 1 1 

'.)•() |l2-0jl4-3|J6-!),W-i)'20-7j22-3j23-4!a-li^24-9 

'•i 

O-OOilo-Otlo-OH 

1 • 

0-12 

• 

(Vlo!o-20j#-24|(k2H|iTv32 0-3Ti|o-40,0-!l4|o-|8|o-iK 


5* The area 4 square feet of the? horizontal seciibn 
of a reservoir at a height h from the lowest poinIE 
iti as follows : — ^ • » 



Vlot A against li and draw the sum cu)'ve. the 
ordinates of which will b(^ a incasui’(i of the volume 
of water contained up lo each height. What is (he 
tota^ i^olume and lh(^ change, in volumi^ if the lictght 
drops from ICrT) to 14*5? 

6. The following hgyres give tlie wind pressure p 
in Ih. per sq. ft. on a vertical plane sm face at heights 
k in feet abovfi the ground. 


1 

5 L*) ' *2o ' H;') 

i ^ ! 


1 • • 1 



n 1 22 j j 27 1 

81 

1 J 

J ' ._L- J 



What is the total wind force on a wall 100 ft. 
long and 40 ft. high? t , 

7 l\i\ area is divided into ten equal parls hy 1 1 
equidistant parallel lines *2 in. apart, the, first and 
la Mi touching the bounding curve. The lengths in 
ii! hes ofjtJiiosh ordihates^are : 0, 1*24, 2*37, 4-10, 
kf' 28, 4*76, 4*60, *4*36, 2*45, 1*62, 0. I'ind hj Siinp- 
^on’s rule the area*in sqi&re inches^ 

8. A circle is drawn of 8 in. diameter. *The dia- 
meter is divided mto B^qual parts and ordinates are 
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.drawn at right angles to the diameter. Find the. 
atea by Simpson's rule, checking the (S'idinates by 
calculation for preference. What is the percentage 
error? < 

y. X being the distance in feet across a river 
80 ft wide, measuring from one side and y the depth 
rf water in feet, the following measurements are 
nuide : — 


X 

0 

10 


3., 

40 

48 

GO 

70 

y 

0 

4 

7 

8 

10 

0 

6 

4> 


Find the area of the cross section. Tf the average 
speed of the water normal to the scctioti is 3*2 ft. 
per sec. find the flow in cub. ft. per sec. 

J,0. In a determination of the area of a field, x is 
distance measured along a straight lino AB from 
the point A ; the values of y are offsets or distances, 
both iR chains measured at ri^ht angles to AB to the 
border of the field. Find the average breadth of 
the field from the line A35 to thes border. 


X 

0 

1-50 

300 

5-00 

7-50 

O'OO 

y 

0-53 

0-47 

0-40 

0-42 

0-46 

0-52 


ANSWEES TO EXEECISES. 

lA. 

1, 183‘2 and 91*0 lb. 2." 6*67 ohms. 3. 30 
ohms. ^ 4. *07 kilo, per sq. cm. - 5. 746 watts., 

6. 778 foot-Tb. • 7. y = (L - x). 8. 1-221. 

9. a = 0-4514, n ^ 2-374. , lO. 256° F. absolute. 
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•11. 55*8 lb. per sq. in. 12 . 4*85«cub. ft. per second. 
13 . 1*284? 14 . *598. 15 . 207*7‘ lb. 16 . 42: 

17 . 1*31. 18 . 3 amperes. 19 . *603 H.P. 

20. 33 lb. per sq. in. 

• • * 

iB, ‘ 

1 « 80 miles an hour at 6 miles. 2 , *80. 3 . 5*^. 

'4. 665 ft. 5 . 171800 cub. It. ; 5810 cub. •ft. 

6. 85200 lb. 7. 6*25 sq. il* 8. 49*33 sq. in. ; 1*89 
percent. 9 . 467 sq. ft.; 1494 cub. ft. per second. 
10. **4ru chains. 
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LA'WS EXUUKSSKI) SYMEOIilCAriEy.i 
0 * 

9. Formulae. To know the law connecting two 
physical quantities, and y, say, whore y is ^up- 
pos(*d (hqiend'jiit, we iiiiist know the value ot‘ y cor- 
responding to every value of x. The law can always 
he expressed by a gia[)h. But veVy often, especially 
when it is obtained theoretically, it can be put into a 
more definite form. For example, when two roujgh 
bodies are in contact, wo know that the limiting 
friction bctweim tln^m is to the pressure^ 

a law which we express ^ 

B - /xB. 

Or again, for a mass of perfect gas at constant 
temperature, we. know that th(i volume is itirersely 
proportional to the pressure (Boyle’s or Mariotte’s 
Law), and this we express 

p = or pv k. 

Whenever a law, experimental or theoretical, can be 
put into a delinite shape in this way, it can always 
bo condensed into a foi^mula. li;, fact \post laws are 
too complicated to be expressed in words at all, and 

* ^ t. * 

* This an(J the next* chapter may be omitted by students who 
have already a knowledge of graphs and th^^ Iaws which they 
represent. <- 

m) 
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then a formula is our only rosourc® besides a graph. 
Even when the law cannot bo put exactly into this de- ’ 
finite form, and as a matter of fact no (ixperimental 
law can bo e^saetpwe caft stUJ find a formula* whijch ' 
expr^jsses a law approximdtiilg very closely to it. 
Ruch a law devis^'d to fit a series of exporimontal djtta 
is caMod empirical. There is a great advaiitagei in 
finding an empirical Jaw, for not ofily does it give us 
in a very brief and convonieiit* form what could other- 
wise pnly be oxpn'ssed by a complicated ta})lo of 
values, (5i- by a graph, but it oft(;n throws a gi-eat 
deal of light on th(^*natm*o and relations of tho; fjuan- 
• tities involved, and^lea'ls to new series of laws and 
results. 

The student will notice that two impoi'tant pro- 
cesst^ are involved The first is to draw a giuph 
from a forfriula ; the second is, given a graph, to de- 
duce an empirical forimula. 

We shall now give a list of the simplest formuhe 
which occur, in»fhiding nearly all those that an 
engineer is likely to e.iicountcir, and discuss them 
briefly. 

1. AnGKBHArCAL F()RML’L.T3. 

§ 10, Algebraical Laws. — Those aic the laws 
which involve only the processes of adrl^tion, sub- ^ 
tiv^ction, multiplication, division, and extraction of 
i oots. 

Wo reiwincf the sfudenj that there are two square 
roots of any nuirJjer .r* which are writtc% + Jx : 
either of them may be written but eitjier' of the 
symbols aii, */x written alone moans the positive 
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square root. The symbol xi means the cube of the 
fburth root oi x. * 



Fio. 24. — Graphs of 2 ^'’==!, as, ir®, ix^\ fljK 
We sllall now discuss a series of typical algebraic 
laws. 

Powers. Positive InteobaIi. — I n Fig. 24 are 


POWEES 


4i 
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shown the ^’aphs of some positive integral powers. 
The first graph ^ = 1 can be regarded , as the jero 
power of X, for == 1. The second y ^ x gives the 
first pov/er, fo» which th^ ordinate is always *eqnal 
to tl\p abscissa. All the ofher graphs of positive 
integral powers IlDuch the ar-axis at the origin. Th*e^ 
hjgher»the power, the slower the curve risgs at first^ 
and the quicker it rises afj,erwards! They all pass 
through the point a? = 1, 7/ — 1. When x is negative, 
all thejBven powers, y = x"", x-, x*, . . . have positive 
values,' arftl the odd powers y -= xr, x^y x'\ . . . have 
negative values. The even power graphs are all 
symmetrical about the 7/-axis, that is to say, the left 
hand side is obtained by reflecting the right hand 
side in the 7/-axis. The negative power giaphs are 
skew-mjmmetrical about the origin,^ the left hand {fide 
being obtained by two reflexions of the right hand 
side, the first in the 2^«axis, and the second [n the 
a?-axis. This is expressed algebraically, 

y zMz x)'^^ + x'^ for an even power 

and y = { - xf = - for an odd power. 

Positive Fkaotionao Powkks. — It shouJd first be 
noticed that for fractional powers in which the de- 
nominator is even, the curve has no left hand side : 
for example if in y ~ Jx ^ irl, we put a negative 
number for a;, there is no mine of y for there is no 
square root of a negative number.^ The graph of 

y is seen to stop short at the oiigin.. When 

th j denominator is odd there are values of y for 

•* • 

^ In higher work get rqpts of negative numb^, by in- 
denting new numbers, called the imagin4f>ry numbers. The - 
first of these is written i and signifies fJ-L * An imaginary 
number cannot be shown in*hn ordinary graph. 
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nogativ(i valu(‘s 6f x. This is seen in the ^raph of 

f'fir* graphs of the powers less than unity are 
ahov * iho straight liiFe //•= x, l)#:tw(jen .t = 0 and 
a; — L. and beyond *a* 1 tliey are br l-AV 'IL- a*. 

eTlie grapli of y ^ .r- is inhirmediairo hotw(M3n y =-= .r 
jiiid // = ; the graph o^’ y = .a;-* is internccdiatc 

between y ^ .r- jliid y = 

The gra|)b of y -= .r* may be written y ' — .r, and 
hence it is the same curve as the graph of y^ — 
from which it is obtained by intei’cbangin^a; and y. * 
Necjativio PowKJts. -For anj^ negative power say 

1 . • . . 

y == the ordinate becoim^s indefinikily great, when 

the Mibscissa l)ecornes indermib'ly small (positive or 
negative). The curve does not cut the ^/-axiit at all 
but gets iiulclinitely near to it at a great distance 
fi’om p. « 

A straight line that a curve approaches indefinitely 
without ever meeting is called aif asymptote. 

II 

The curv(is y — . .v «, etc,, approach the 

1 

?/-axis in opposite directions, while y ^ x 

etc., approach it in the same direction. 

The curve y — x '^^liejs on one side of the 
asymptote, and approaches it in one direction only, 
as i does not exist for negative values of x. 

The a’-axis is also^asyniptotic to these curves. 

1 * * . ^ . 

The^curve V " ^ — 1) especially imr*^ 

portant:' it is ^ rectangular hyperbola. An im- 
portant proport}^ of^ this cuj\;e is that the rectangle 




Curves of similar chamctcr ai^ obtained by 
.'^hanging tbe ordiflate in, any ratio^. Tf the ordinate 
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is multiplied by*c, then all these curves are included 
*in the. general formula ^ 

y = cx^ 

where c and n may have any* values positive . or 
negativtj. When c* is ‘negative, the curves gtre on 
, the ojiposite side of the .^’-axis. • 

^ These.curves are of importance in connexion wjth 
gas and vapour *pressu^-e§. 

§ 11. Linear Laws. — These are the laws that 
contain no fractions involving the variable, ^nd no 
powers higher than the lii'st : the generaHbrm is 
y >nu‘ +* c 



Fig. 26. — Graphs of y — 0, .r ^ 0, ?/ — 1, = 1, ?/ = Ja: ; 2/~ 

- a; -f 1 ; ?/ — ~ u; - ] . 

where m and c have ar^y values whatever positive or 
negative. 

All the graphs arc straight lines and they represent 
quantities that are increasing or deci easing at a con- 
stant rate. The straight line represented by 
• • y %=: * 

passes through* the origin and its slope is The 
graph of 
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y \x + 2 , 

is the samae ^raight line as before, but raised through 
a height of 2 units. In general m is the' slope of the 
straight line, apd c is ihe distance from the origin 



Fig. 27. — Graphs of >. 2 .t, x '^ - 2a; + 1, a;2_ 2® + 2, y = 

- + 1 . •' 


where it cuts the ^-axis. If m is negative the 
straight line slopes downwards. If c is negative it 
cuts the 2/-axis below the origin. The equations of 
the axes themselves are * * 

y = 0 (the ic-axis) and a; = 0 (the ^/-axis). 

It will be noticed that a straight lino parallel to 
the ^-axis*^ia8 jio bo repnesented by an equation in 
which y does not aH)pear,*for instance, 

rg = 1 (in the figure). 

§ 12. — Quadratic Laws.— These arejthe laws con- 
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taining no powey of x higher than the second, and 
•no fractions' in x ; their general form i# 

y -= ail- + + c 

whew a, are flhy^ conctant i^am|^ers, positive .or 
negative. Tha f/raphs* atr always paralnlas with 
their axes rcrliruL The parabola# is especially im- 
^poi’tant as it occurs frequently in the work Qf every 
^eaigir^ecr.* 

Taking first the eqfiatioii 

y = ji- - 2.r, 

wc note that the graph passes through the 'origin : 
this is always the case when no term occurs in the 
equation inde])end(MU of hotV x and y (constanjt 
term). Wlum x becomes very large, y becomes 
large at the same time, for after a Lime x' is incom- 
parably larger tlian 2x : hence the curve ri^es in- 
definitely to the inght. It rises to the hift also, for 
when X is rujgativo x* is sty’ll positive. It follows 
that the curve, has a minimum, the point A. 

If W6*, add a constant (unity) tcithe right hand side 
of the equation wo obtain if = x~ - 2x + 1, ^yhich 
represents the same curve as before, but raised higher 
up. The graph of # 

y == X- - 2.r H- 2 

is again the same curve, two units highei*. 

When the curve crosses the .r-axis, we have ?/ = 0, 
so that o'n the .r-axis for th(i first curve 

X“ — — 0 . 

Hence the ahscissce the •points ivhcre tJw curve cuts 
the x-axis are the roots of Ms equation vl3, re = 0, 2. 
Note that th« effect of raising iho curve bodily is 
first to l)ring the^two distinct roots into coincidence, 
and then to make them disappear. ' 
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Reversed Pararodas. — The effect of reversing all 
the signs on4he right hand side is to reverse all th^ 
ordinates. A law in which the coefficient of is 
negative, for oxamgle « 

^ ^ - .r-v+.l, 

whore it is - 1, cvill he r(‘presented by a curve hav- 
ing its«ends pointing downwards instead of upwards. 
It will consequently have a niaxinium histead of 
minimum. 

SiiOyE OK Pararolv. — An important ])ropert3^ of 
these curves is that their .slopes are always inci’eas- 
Ing (decreasing in th\^ last case) at a constant rate. 
The slopfi-curvcs arci^ therefore straight lines. The 
first three curves will all have the same sIop(‘. curve 
(// “ 2x - for raising or lowering a graph does 
not ai’fect the slope. Fn the case of shear and bejid- 
ing moments for beams, for example, to which wo 
have rofeiTed already Iff), the shear diagram is the 
slope curve of the 13. M. diagram, and the 13. M. 
diagram is the siFm curve; of the shear diagram. 
In Uie case of a uniformly distribut(;d load, the 

shear diagram is a straight lint' ; therefore the R. AF. 

^ • 

diagram will be a parabola^ 

A parabola has no point of inflexion. 

S 13. Cubic Laws. — These have the general fonn 
‘If __ a.r^ q- cx -f d. 

Taking the tyjjical one 

f 

V h 

it. '-.dll be B^tefl that for ve^'y great values of x, either 
*'Ositivt^ or negative, the term will dornjjiatc tFie 
)thers. Now when x is negative, is also, negative, 
so that the curv^ will^ descend rapidly on the left- 
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Graphs of y .-=r - a?-’ - ar + J (lower cim^o) 

- a;3^~ a; + IJ (centre curve) 

• ~ a?'^ - a;'-* - a; + 2J (upper curve) 

.'C® X ^ 

, 

(slope curve) y 2x - I « 

• •• 

This curve grosses the axis thrcje tfmes so that thcp^ 
equation ^ • 


a;3 - a?2 1- a? 0 
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has three roots. If the curve is raided, two of these 
will become •coincident and then disappear; two# 
roots' (the first two) will also become coincident and 
disappear if the^grag}h is lowei’^l ;*feut thA'o is always 
at least one root. • • 

The curve has maximum D and a minimum* E, 
these b^ing the “ critical points But this is not al- ^ 
ways the case with cubic cuj*ves. TIk^ curve 


// -- 


G 




has iieit]iej*a maximum nor a minimum ; it will be 
nunarkcid that the cid've bends ovt‘r as if to form a 
maxim mil, but chan^ng its intention, bends back 
ag.iiin (b'). A cubic cannot have a maximum without 
having a minimum also. 

PoiN^' oi*’ In'kukxion. — A cubic; always has ctie 
point of inllexion F. The tangent at tliis point is 
inclined downwards whtfn th(*r(} is a maxiniuiji and 
a minimum, and is horizontal or inclincjd upwards, 
when there is no rntfximum or minimum. 

Slopp^-Guuvw. — 'J’ hc slope-curve of a cubic is a 
quadratic, i.o. a- parabola : it cuts the ./• a>iis at tlui 
values of x corresponding to*the maximum and mini- 
mum wlicn ihc^se points exist. 

Tf the coefricicnt of is negative, the curves as- 
cends on the left and descends on thv^ right. ^ 

Quautic and lira h mu Laws. ~”Tliei:‘e arc of a 
sim’lar nature to the cubic* and cjiiadratic. Wo will 
lUft •liscuss themin detail, but i-cmark that an (n - l)ic. 

. th‘i< is to SLi!^ a cyrvo whosff equation is of the form 


y ^ aj?" + -f ^ 


eiits the axis at points at most; it has at most 
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n - 1 critical points, and at most n - 2 points of 
^inflexion. 

g 14. Some other Algebraic Laws. — The al- 
gebrkic laws which , occur are very varied and it 
would bo impossible to classify them completely. 
We will content ourselves with giving a few more by 
way of illustration. When it is required draw 
the graph of a given law, it always has to be done 
ultimately by finding points on the curve. But in 
each case the general shape may be determined, and 
its drawing very much facilitated by notirig its specuU 
features such as : — 

1. - The points where it cros<;cs the axes. 

2. Its critical points. 

3. Its points of inflexion. 

<^4. Its asymptotes. ' 

5. The parts which rise and those which fall. 

6. Its behaviour for very largo positive and nega- 
tive values of x. 

7. its symmetry about the aj-»axis, or the ?/-axis. 

These featui’es have all been mentioned already, 

and some wnll be discussed in more detail later 
on. 


We will remark here that a curve is symmetrical 
about the ^-axis when only even powers of x occur 

in its equation, for instUnce, y = x\ y = 


The graph of ?/ = t ir the same curve as the 

graph of ^ - already given in Fig. 25, but it 

moved .from left to right parallel to the a:-axis 
through a distance of one rnit. ^ 
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'The graph^of y = has tRree asymptotes^ 

The first is the aj-axis which the curve approaches 
indefinitely on Ij^e jjipper side IjptMto th^ leit amd to 
the right. The curve rises indefinitely as we ap- 
proacli a; ~ - 1 vui x = + L Those vertical lifies 



are therefore also asymptotes. The graph has one 
critical point, a maximum y — - 1. o(^curring when 

X 0, f , 

§ Id. Implicit Laws, — Very often the dependent 

variable is given not directly in terms of x (explicitly) 

as in all the ci^es considered up to now, but im^ 

nyd'ily, thaff^is tcwsay, a geiiferal relation is given be. 

tween x and y, FoP exaniJ)lo we may have • 

x^ * 

-•+ ?/*•*«!... ( 1 ) 

• « 
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An mlaliion may oftnn he converted into 

'an explicit relation Ijy rtif^ardirig it as aiC equation for 
d iter nun ing //, and solving, i'br instance the relation 


• 

• ••* 

- 

el = 0, 

when solvcjd beconuls *• 



y 

1 

~ X‘ 

Tf we take 

* 

d + 

if -- 1, 

this may he vvritt(‘n 



if - 


so that 



+ V' 

' y 

- - \ 


•.( 2 ) 


The implicit I'elation in this case has to bo replaced 
by I tro explicit Halations. It is generally more con- 
veni(ait and ol'ton necessary to deal with an implicit 
law as it stands aiid not to cf^nvej’t it into one or 
inon^ explicit laws. •• 

The curve (J) is an ellipse 30); both axes 

are axes of symmetry. ♦ ^riie Lengths of ths semi-axes 
are 2 and 1 units respectively. JW inspecting (2) it 
will be seen that the curve cannot exist when j;> 2. 
The two equations of ^2) give the upper and lower 
halves of the curve respectively. 

The geiiei’al (M|uation»of the ellipse whose semi- 
axes are a and b i% 


x- 


-h 




1 . 


The curve 


7/“ X {x - (x J- 2) 
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cannot exist when x is loss than zerft, or when x lies 
between I anci 2, for such values of x would uj ike* 
y- a negative quantity. The curve consists of an 



Fia. 30. — Graphs of ^ i y^— 1 and (j;~ 1) (z-2), [Nolo 
that tlie latUT lias two hnirioho^s.] 


oval and aii inlinito branch, t (Although there is an 
inlinito l)ranch, there are no asymptotes.) 


II. liniGONOMKTRlC FORMULiE. 

• • • 

*8 16. — The Sine 4.aw. •Definite laws conwjeting 
Kvo variables can be obtained by other means than 
by algebraical reflations!^: they can for example he 
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defined geomelfrically. Trigonometric laws are of 
this kind. 

Expressing tho^ angle AOP = x in circular measure, 
so that * ' 

X = arc AP/OP 

.. and writing 

y == sill X — N P/OP, 



we have a law connecting the value of y with that 
of 

This is a new law, a pcrfijctly dolinito one, which 
cannot ho expressed algebraically. (See Pigs. 15 and 
32.) 

A very similar law is 

, y — cos X ON/OP. 

The graph of this is in fact not distinct from the 
sine curve, for remcinboring that 

cos X = sin {x + 

we see, that y = cos x vs simply the curve y = sin x, 

> We, wish to emphasize tlie p'icessity foi taking the correct 
RCiilo for the sine cnr\K. The abscissro are the angles in circu- 
lar measure, the ordinates {^**6 the actual vahies of the sine. . 
The h(;'ght of the sine curve unity, ^and the length of the fi'st 
arch is ir,= 3*142.i Although other scales are sometimes con- 
venient in practice, this is the only one giving the true sine 
law, and the dlscussivn following^.applies only to this curve. 
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I 

• Hioved back horizontally through a distance of ^ 

2 

units. (Soc^ 14 and 32.) 

S iV. — Harmonic ^otit)n. — This is a good illus- 
tration of the sine law. ^ 

^ Snjipose a jioint P to move at a uniform rate (of a 
^l adian pQi* second, say) round the circumforeni3e of a 
circle (Pig. 33j. JiOt /t /start from ili;' point A and 
let Q he its })rojection on a vertical KK. At fiist 
Q will iri()V(i at the sam(} rate as P, hut its sp^ed will 
diminish as it rises until it comes to rest at K aia’l 
then descends. To obtain th 6 displai;einerit curve 
for this motion, we h;i,ve only^to measure out to th/) 
I'ight on the horizontal line through A, the arcs 
through which P moves : since the speed of P is 
urfity, the ahscis':ja'‘ are the times. We the i erect 
ordinates C([ual to the ordinates of lA The curve 
obtained is clearly the siiie'curvo. We shall ictin n 
to harmonic niotiou latei (se*e ]>. 74). 

IS. -Properties of the Sine (or Cosine) Law.- - 
Tilt; lii’st propei'ty is its periodicity. The part' of 
the sine 411 rve which lies between 0 o and 0 -- 27 r 
is repeated between 0 u. and 0 ^ iir and again 
repeated botw'(;eri (i ~ Att and 0 ~ (w, and so on 
(Pig. 32). 'flic, nine curve in periodic^ its period bciiuj 
2 . This is oxjiressed h^y the formula 
sin (6 H- 2 n')i-^- sin 0. 

Similai’ly, of course, 

com {6 + 27r) = cos 0. 

The second property is its synimelry. /Vn inspection 
of the^^rapTi will show th.-vt the feft-liand side of tffc 
sine curVo is ohfainod from the right by reflexion first 
in the 2 /-axis, then, the ^v'lxis. ' So that the sine 
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curve is skeij^-sumninfrical about tJte nrigiu (cf. Fig. 
24, .S 10). The sino-curve is iilso skew-s^niinetri- 
oal at the points 0 ^ tt, - 27r, . . .: 

• • • * % * TT * 37r 

it is syniimtriatl about the« vertical n B — ,0 ^ 

0 - - I, etc. 

The eosiiio curve similarity is s\ nnnetrical about th®e 
//-axis, and about the veirticals t) -- tt, 27r . . . while it 


•is Kk( 3 ’«i'-sviiinietrieal at B 

* m 


^TT 

2 ’ ’ ‘ ' 


Those facts arc e\^ir(‘Ssol by the fonniilje. 

, sin ( - B) - -■ ten 0 ; cos ( - 0} -• cos B, etc. 
which may at once 1x3 deduceid geometrical ly fi’om a 
figure similar lo Fig. 31. 

jf Itf. — Theorem in Limits,— A thiid very im- 
portant pi’ 0 [)erty whicdi may 1x3 seen in the gra]}h 
(Fig. 31) is that the sine eurre cuts Ike iwis at an 
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' cmgle of 45° This means tht.t near ihe 

origin tho sine curve 

« * t y. 

Sin 6 * 

coiilpsc(3S with the straight line 

. y ^ 

8p that when 0 is small the ratio 

sin 0 __ ordinajbe^of sine curve 
0 ordinate of straight line y ^ 0 
approximates to unity. It is very important^ to re- ^ 
mcMiiber tliat 0 is in circular measure. • 

A pi oof of this important property will be found in 
textbooks on trigonometiy. • 

5i yo. — The Tangent.— We define the tangent of 
X as follows : ^ 

sin. a? « 

cos X 

Tho 4 ?ra})h is shown in Fig. 35. Whenever cos x 
becomes indefinitely small, sin x approaches unity, 
positive or negative, and tan x thto^fore becomes in- 
definitely great. Hence the graph has vertical 

^ , TT dTT 

asymptotes at x — . 

When sin x approaches zero, cos x approaches 
unity. Hence tho graph crosses the .cc-axis at tho 
same points as the sine ^urve docs, and at the same 
angle, namely 45". Tho ratios 
tan X * 1 


tan X < sin x 


X ^ cos X 


both approach unity when x is small. 
. I'he Cosecant is Refined by ^ 



tangJ‘:kts , 
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cosec X = 


sill X 


the secant by 


see X V » 
cos X 


and the vuiaiigmi by 


COD a* == 7- - -• 

tan X 



The najurff'of these curves can be inferred easily 
from the* grapiis ah eady^ discussed. They all have 
vertical asymptotes. Tno curve (jpsco x has maxima 
where sin. a? minima and minima where sin rrhas 
maxima. * 
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S 21. Inverse Relations. — We can of course re- 
gard sin X as indopondont and x as dojjending upon 
it ; given any suitably value of sin x = n wo can find 
the corresponding valii^f x^ This 1 elation is writteiV 
^ X — sill"' ?/. 

•For y ~ 0 x-^ 0" 0 radiantf 

1 . 

^ y /n x -i^i) ^ radians 

y 1 ^ radians, 

and so forth 

The notation cios ‘ 7 /, tan"^ ?/» used 

similarly. * 

Kofx that althougli sin-.r niCM.ns fKin.r)‘\ yet 
sill" ‘a: does not moan (sin.r)“‘ - J/sin.;*. Tliis 
conffising notation • is unfortunate, but is rtrmly 
established. On the Continent sin"U; is written 
arcsinx.* 


Exkkcisks 2. 


1. Draw (ho gj aph of tlie function 

•// - 2o- - U/-’ ~ 12.r + 24. 

Find for what values of x tfiis function lias maximum 
and minimum values and whejo its point of inflexion 
occurs. 

2. Kankine's formula for the safe working stress in 
.tons i3or s^j. in. upon mil(l steel columns is of the 

form/^, = 

^ + (5000* • . 


where c is the “ buckling fifctor 
fv 


riot A^ilues of again?!}t c afid determine the’ 

point of inltt exion. 

3. The bending nvomont at « distance x from one 
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end of a beam of span I loaded with a uniformly in- 

\V.r WcT:* 

creasing loSd W is equal to M ~ 

Plot the bending moin(3nt diag)-ain for this beam, 
iinding the maxiitaum belidiix’^ m'bmeiit and tile point 
at wliich it occurs. • ^ 

4 ! The horst\- power transmitted by a certaiii wire 

^ rope €3 given by the lorrnula JI.P. = ~ 

where v is the velocity in. feet per second. 

Plot H.P. against v and find the velocity for which 
it is a maximum. 

* 5. *1^1q^ the formula y ~ it* — 4*2 x + 2*93 and 
find from your plotting the solution to the equation 

- 1*2 .r + 2-93 - 0. 

• b. Find, by plot\.ing, the value of .r which will 
make 3 sin x + 2 cos x a maximum. 

7. Plot the equation y — x (HI - and find the 
mtlxUnum value of y and the value of x at whiph it 
occurs. 

H. The area of the segment of a circle whoso arc is t 
in length and subtends an angle 0 at the centre is 

equal to .J V* ~ , 0 being in radians. 

Plot the area against 0 and liiid where it is a 
maximum. 

9. Plot 2 / ~ sin r ( I -f^cos x) and find where it is 
a maximum. 

10 . The cost in pounds for running a steamer a 

certain journey is ( > ~ — --- + v- »vnei*e v is the -qieed 

in knots. ” 

Plot the cost against the speed and find where it is 
a minimum. 
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6fl 

ANSWERS TO EXERCISES. 

f 

2 . 

1 , a; = - vOG and 3*5(k PAint of ijifie(?tion at = 1*5, 
2. c = 44'7. 3. Max. = *128\V/ a^ dist^ince 

• 577 / from Olio ond. 4. H3*5 feet psrsec. 5i 3 *32, 
•88. 6. /3(r 18'. 7. 280-0; - 0*2. 8. 6 ,= tt. 

• TT 

9. .r = g. 10. b'7 knofs,. 



CHAPTER TIT. 


LAWS EXPRESSKD SYMnOLICAr.I.Y (COXTINFRT)).' 

* h 

HI. Exponential and Logaiuthmic LawSi 

§ 25. Xhe Compound Interest Law,— Suppose 
a sum of money (£;/„, say) were put out at 5 per cent', 
^compound interest. ,,At the end of each year would 
be added to the sum one-twentiedh of its amount at 
the bc^iunin^ of that year. The ^a*owth of the 
arribu^^t could be represented by a gi-aph w^jich 
would rise by a small jump or step at the end of 
each year (Fig. 36). 

In the diagram distances measured along the 
horizontal axis repj'esent times in years ; the ordinate 
represents the amount and remains constant during 
each year, but increases suddenly at the end. The 
step increases in hci#^ht Irc^iri year to year, each step 
being proportional to the corresponding ordinate (the 
figure is illustrative only ; the actual graph is much 
flatter). 

If now the interest were added continuously in- « 
stead of in instalments at, the ends of years, at a rate 
always proportional to the ordinate, and such that 
tlie total interest per annum were the same as be- 
Ifere, we should' hfv^e a syiooth curve drawn ^through 
the upper corners of tne steps. Chis curve repre-s 
sents the compoimd intgtest law, and its characteristic 
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properly is that its rale of increase or slope is pi'o- 
portional to its ordinate. This property, may bo ex- 
pressed by the formula 

• ' •' «. 7 rt\ 

J % ’ • • 0) . 

Jiiid.aZ/ qiianlUic.s such that I hair rates of increase 
hm j)rf)])()rtii>ual to theuiscLres foUotr s'urh a law. 
f We Cfiti easily find the amount at tho end of 



each year. If the amount is initially then at 
tho end of the 1"', 2'"', .y', . . . 7ith . . . year the 
amount will ho ?/,,. 1*0/5, 7/..(l*0o)-, //.,(l*0o)^ . . . 
y (1*05)\ ... 

Now the powers to whiph 1*05 is raised, namely 
1, 2, 8, . 7/, . . * are simpiy abscissce — if one 

unit is made to represent one yeai*. • Pu,ttin" in the 
intermf^diate^ values, i.e. intciyo^atdtKjf we see th:#t 
the ordinpite of the smootli curve is 
y - y„ C- - 95 ) . 
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where x is any abscissa (and not uncessarily a whole 
number). • 

The general law, when the rate of interest is any- 
thing we pleasp, i* • ^ * • 

. V -= Vn *• . . . (2) 

on putting a for i*05. This law has the charadtor- 
istic pjopt^rty (1), but we shall not at prc'sent iimf 
the connexion between the number a and the ratift 
of proportionality k. Since *the law is represented 
by a variable power of a number a, it is also called 
Exponential x being the exponent of the power. 

It might be thought at Jirst sight that this law was* 
jin algebraic one, biit#this is not so, for in this case 
the power x is variable. In algebraic expressions, 
such as x‘\ the power is constant. 

§*2.^ Examples of quantities which follow yie 
exponential laws will be familiar to the student. We 
take some specific cases. 

1°. Rate OF Growth of a Population — If the 
ro-to of increase pet’ thousand is constant, tli(‘. whole 
population will increase at a rale pj oportional to it- 
self at any time. 

2°. Friction Retween R^ilt and Pulley. — Sup- 
pose a belt AEQB to pass round a circulai’ pulley O, 
and to be about to slip in the direction named. Let 

T, tension in belt 9»t A 

T — 1-? 

— ft n yf ft 

T + 8T= „ „ ,r „Q 

' ' = pressure per unit length at R. 

;• =: radAs o^ pulley. 

6/ ~ angle AOR.® « 

861 — angle R^Q. 

/A - caBfficient*of fnotion. 
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The forces acting upon the element RQ of the 
belt are 

Pr8i9 direction of OR (ap 2 )roximately). 

T ' „ taa^T^ent^at R, backwards. 

T + OT „ ta/igent at Q, forwards. 

V n 

fiVrhO „ tangent at R, backwards (a^^proxi- 

mately), the frictional force. 

T + 8f JPrS9 


T 


To 

Fig. 37 , 

Res^olving in thejiircction OR 

- (T + STj sin m\ . 

We nay^put 8^ for sin W, ard then neglect the 
product 8T . 8(9; thus 

Pr8^ « T8(9 or T = Pr ,..(!) 
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Itesolving along the tangent at ^ 

T + yaPr8tf = (T + ST) cos 8ft 
Put 1 for cos SO. 

. T*+ M-Vrm =miT‘-P 8T, * 



— ^ jf *a-* ' (if 

Fio. 38. — 7/ s= flr* (a <[ 1) or y -- h'-^(b'^l) 

(ijo is lakcn - 1 in this^iRurfs). 

Thus the ratf3 of increase of the tension with the 
angle is proportional to* the tension, whjch must 
tht.*refore increip.se round the pulley exponentially 
* . T = T(, ao * 

a suitable valu<? of a. * ^ ' 

We shall mention some other cases later! 

. * The formula is precisely T ~ Tp (see below). 
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§ 24. Decreasiftg Quantities. — A quantity also 
follow.s an exponential law when its 7'atk oj decrease 
is proportion^.1 to its value at any time. In fact a 
rate of decrease is only a Heifativcf^ rate of increase 
Hut jn this case the'^ number a will bo loss jihan 
unity. We have thus for such a quiWitity 
^ a 

and . . 

(nei^ative) - ky 

\vhero k is some positive number. 

Another way of lookinj' at {his case is to put 

a — so that Z? > 1. Then 



From this i)oint of view we see that the curve is 
exac.tly- the same as the rising curve y = //,//, but re- 
flected in the vertical axis (because opposite signs are 
taken for x). 

S 25. Further Examples. — 3^ Fall of electric 
current in a circuit from which the Ft.M.F. is sud- 
denly cut off. When an Electric current G is flowing 
round a closed circuit, a magnetic field is set up, the 
number N of linos of magnetic force linking the cir- 
cuit being proportional t^ the current. Again if the 
number N of lines of magnetic force is diminished, 
then a current is sot up m ^he circuit, its direction 
being the same as tTiat of the current- mentioned in 
the last sentence, and its magnitude benig propor- 
tional tb the rate of dimifiution"‘of the number of 

^ c 

lines of magnetic force. Therefore in the case in 
view, the current G.at any instant is proportional to 
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the rate of diminution of N, i.e. to the rate of 
diminutiorf of C. So 


C = - A 


= tint (4 in secsonds) » 


and the current follows a cAininishiii*^ exponential 
law. • * ^ 

4* Damped Vibrations. — Tiiesc; will ho discussed 
shortly (p. 75). We iinuilion here that the anijdltude , 
A of each vibration is a ^^iverf fraction, say a « 1), of 
the preceding one. Thus successivt^ Jiin])litudes will he 
• A,„ A,/i, A./i-, A.,a \ . . . 

and in general * 

A ViX a Cl 

(.r being here a whole number, viz. the mirnher of 
vibrations) so that the aiiiplitudtis diminish tJX})on- 
enti}ii41y. • 

S 26. Special Exponential Law.— -We have seen 
that when y follows the law 

?y 

then its iat(3 of iifhreaso is proportional to itself 

... (I) 

a.r ' 

Tt is clear that there wiil he one special value of a 
dy 

for which is not merely proportional to y, hut 

actually equal to it, t 
dy 

'i his value o^ a is of tluj utmost impoitance; it is 
" ritten e Ind . • 

' rt =»c = » 718281 . ... • 

The number c is not exact or commensurahk, that is 
to say it cannot* be represented .exactly by an ending 
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decimal or f)y a fraction, but only approximately: 
wo have "iven it to one part in a million* 

Taking any^ value of a we could write 

* d- = * " 

/ 

where A is the power to which we^inust raise *<? in 
order to get a (or A is the logarithm of a to the base 
e-* -see next paragraph). Of course A also will not 
be a commensurable nvrnber .in general. Suppose, 
for instance, a had the value 10, then 

A - 2-302585 ... . ' 

so that i 

10 = (2-718281 . . . . . . 

to any required degree of approximation. The cal- 
culation by which A i3 determined will be easy to 
any^one familiar with logarithms, and will be krioHy 
explained below. 

Thus w^e may always write 

y == Vo . . . (3) 

instead of (2). 

it will now be clear that A is precisely the number 
h. For frein the above the rate of increase of y with 
respect to \x is y : so the "rate of increase of y with 
respect, to x is \y. So that 

fc = \ = Xy = \y„ c* (4) 

(If the student does not see this at once he should 
repeat it putting a simple value, say 2, for A.) 

Finally then the two equations {^) (y. 65) and 
(3) are cequivalent to each, othen * ^ 

Thus our final formula for the tension in the belt 
in the example considered above (2“, p. 65) is T = T^e^«, 
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When a is less than 1, the rahukof A will be tieya- 
live. In tii3 example (3"*) above the current is 

§ 27. Logarythmic • Lajivs*.#— If Vo censider 
powers of a number, say JO, % 

• . 2 / = 10 ^ 



we can, as we have seen, plot them to a curve 
(similar to Fig. 38) * and we mako the following ob- 
serrations : — t 

The curve is always rising. 

When a? - 1, y - 10. • 

When 0 ? = p, y = 1. 

^ This curve isfjiveu below (t’ig. 40), differently arranged for 
•> canons explained. Tte stud Ait will follow the fir.st fiurt of the 
reasoning better from Fig, H8, or better stfll from af figure of his 
own for y s= 10® • 
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n 

When X increases from 0 to 1, y increases from 1 
to 10. < 

When X is greater than 1 (ic> 1), y is greater than 
10, and y increa3ei#mc\efinf!iely with a;. 

When X is iiegal/ve {x — - z), then y == lO"* 
— 1/10'<1. The ordinate y becomes indefinitely 
small, but never vanishes or becomes negative,, when 
./f-becjmes an indefinitely great negative number. 

Thus y takes ecery ))osLtiv'b vaLue for some value 
of X. 

Conversely given any value of v/, wo ofin always* 
nnd a power of 10 c<]ual to this* value of y ; this is 



Fto. 10. (impli of .7' ..= lo}T,„?/. 

called the lotjaritiini of y to the base 10, and is written 
shortly 

log,,, y. 

So that 

y = 10’ and x = logm y 
are two vvays of writing the same thing. 

The graph of y = 10% will give at once the lo- 
garithm of any numiier : thus to find log^, 2, find 
the ordinaic equal to 2 in, the figure, and tlhe abscissa 
will bej.log^o 2. Or we «may draw the graph hi 
'the logarithm 

, ® = logwi' ' 
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• 

of course making the y (abscissa) axis horizontal, 
and the ic-a^is vertical (Fig. 40). But the graph is 
really the same as before. 

. Logarithms ,to rf)ase 1§ ar^ ccf^nmon* logarithms ; 
they ^are used in arithmetical •calculations. Loga- 
rithms to the ba«e c. = 2*71828 . . . are also Verj 
important: they are Napierian or HyfierhoUc ioga- 
rithnis and are almost invariably used in theoretical 
work, for which they are mord convenient. 

To convert from common logarithms to Napierian 
logaritTim^we use the rule 

log, - 2*303 log,j, x. 

We have remarkeef that logarithmic laws and ex- 
ponential laws arc not really distinct : they are in- 
verge to each other, just as y =- sin x and x — sin - '// 
are in\/brse to each other. Wlieri, as is usual, a Iftw 
can be expressed in either an exponential or a loga- 
rithmic form, the former is preferred. The symbol 
log X implies log, x in theoretical work and log^^, x 
in numerical woik.* 

The following o} ‘-latlon should ho noted 

~ X, • 


rV. Mixed Lvws. 

S 28. The Preceding L^ws. — 

I. J etc. . . . 

i 1. Sin Xj cos X, tan x, etc. 

Sinn? X, cos"^ X, ta|^-' x, etc, 

II. e% a\ log, 9 

may be combined in a great variofy of ways. We 
will give some iA portion t instances. 
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Addition and SubTu action. — 

^ = a? + sin a?. * 


The graph vyould be obtained by adding the ordinates 
as in'I’ig. 41. ^ \ » . 



Fm. 41. 

Multiplication .\nd Division.— Instances are 
. ^ • 1 1 + a? 

The graphs are obtained as b^'fore by multiplying or 
dividing the corresjJbnding ordinatcs^^ The following 
is an example. c ^ ^ 

Dami^rd Vibrations.— ‘This fe a very importffit 
;*^ase; it^forrnufais 
' y =3 sin 5 



DAMPED VIBKATION 


§ 28 ] 



it is the law followed by all simple * •small vibrations 
whatever, whether mechanical or electrical (see § ^25, 
4*’). The coefficient of sin wa?, viz. 7/„c“^' is the am- 
plitude; it is soon tA diminish ^poheiitiafly. • 
‘*F^v^CTION OP A Function -This is a more 
subtle combinatioil of laws, and one which it is im- ^ 
pgrtant* thoroughly to understand. As we have 
noted already instead of saying ‘‘v/ follows such and* 
such a law with respect to x,** we may say “ z/ is a 
fmictioii^of X** : thus :t", sin x or r/ arc all functionn 
of X, The general tlefinition is as follows; — 



Fifs. 42.— l)amp(*(l \ihrationB. 


Ajuianliiy y is a\(mp.-r allied) f unr I hn of x, vdien 
to every vali/e of x corvr.- ponds one value oj y The 
statement: is a lunelion of r may be; written 

briefly 

y - f(x). 

This might mean y = ef, or y = sin x or that y was 
given in terms of x empirically by means of a graph, 
or a table of values. 

If y is a function of x (ot depends on x), then x is 
of coarse a function of y, 

^ * % X - Ff?/) 

• • • . 

• Strictly “ with one degree of freedom The motion of 

vibratory systems with several degrees of freedom consists in a 
combination of several such limide dannypd vibrations. 
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since for each •’value of y there is one (sometimes 
more than one) value of x. This* is the inverse 
f unction ; ' wo use a different letter F, because the 
law^involved is different*, this i» scwnetimcs written 
»*=/->(■)/). 

Jf f{x) were e', then /“^ {x) would be lof<,. x. We see 
now the reason for the notation sin' * x, cost ^ ar, etc. 

’ Now considei' 

* t « 

'y = sin x\ 

Suppose we j'ive a value to x, then £C» takes a do- 
finit(‘ value, and y is the sine of this last value, (to 
express y in terms of x gi aphifcally, we first draw the 



«raph of aJ" (in the figure ;// = a;'), then for the ordinate 
y corresponding to x, take, not th(‘, sine of the number 
X, but tlie sine of a;-, and so on. This is a function 
of a fiinction, for a?" is a function of a?, and y is a 
function of x’\ 

The law « 

y — (sin == sin” x 

is of course different. We f ’st take the sine of a;, 
then we raise it to\hc wth power : jin x is a function 
of X, and y is a functioi* of sin a;. , * ^ 

Thft process may be l-epeatSd several times, and 
may be* combined with the processes already men- 
tioned ; the expressions » 
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t 


tan# 1 (er tan ^ 0 . sin (r+ Vg z) 

explain themselves simply enoui'b, though their 
graphs are a litt]rf3 ditlicult to * • 

Anojiher way of looking at th (4 matter is to intro- 
duce some more Itfttcrs. Thus in the function * 

, • y ^ sin X" 


wo can put 

• • • - 

2 ./•" ; y ^ Ffln z ; 

then 7/ is a func(/ion of z which is itself a function 
of X, • 

An exampl (3 of a ntther complicated function in- 
volving this idea wliich occurs in engineering is 
Hutton’s wind pressure formula P,, = P, sin 0 i 
where is the wind pressure upon a surface inclined 
at an angle 0 to the horizontal and P„ is the press 14-0 
upon a vertical surface. 


Hxicrcises 3. 

1. Draw a graplf of log,,, sin x from a; = 0 to 
. 7 : =*90°. 

2. If a; = \ — a "), show that 

y -- log. J/ Jx- + IJ. • 

3. Plot the gr}ii)h up to x =- 2 of the function 

j:a 

y ^ \ {e" - er^) -= x + ^ + . . . 

4. J*rove that Je 1-641^.7. 

/tt n 

5. Prove that if x log, tan ^ + 9 ) 

tan <#> = 2 (®' 

o. Plot against a time base the damped vibration 
gliWin by y = 20 *^*'’'^in 2*9^^. (Values of y should 
he calculated by logarithms.) ^ 

7. Plot against a time base the function * 

* y =». 10 ^ .e-"\ 
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I 

ANSWERS TO EXERCISES. 


* ' #. * I , 

2. 2x = e" + ^ r, oP^ - + 1 0. Sdlv- 

^ ing this as a quadratic for e^«= x± + 1; 
taking the positive sign (since there is no logarithm 
*■ 01 ' a negative number) y = log, \x + + l}- 

c 


5. If 05 = log„ tan = tan | 

<i> d> . 

1 4- tan ^ cos + sin^ 

di d> cb 

1 - tan I Z 2 

top and bottom by cos + sin 

ii J J 

l + 28m|cos| i + 

* ' ■ ■ ■ "</> COS 

cos - sni ^ 

, I ~ sin d> 

Similarly e''' - . 

cos 

.-. e' - e-" = ^ t t - ‘ 

cos 0 cos 0 

2 sill 

= r = 2 


C-t) 


(multiplying 



CriAPTER TV. 


S YST K M ATIC DIWHIJE X F f ATTON. 


29. Slopes obtainod from Formulae. — We 
fiave seen* in the previous chaptei-s that a re- 
lation between Lwcf vary in*:; quantiiies, or a lau^ 
can bo oxpr0s3(3d (1^ by moans of a ;L;i*aph, (2) 
by moans of a formula. The latter method is not 
onl^ more tei se and convenient fioin many f)oints of 
view, Ijut it generally throws a great deal of liglit 
upon the connexion between two quantities ; and 
this is especially the case when the law is a simple 
one. In Chapters EE and HE we summarized the 
types of formula} ^vhich arc most commonly met 
witTi. When we have a quantity expressed as a 
graph, we can find its rate of change graphically, 
although this is a tedious and ratEier inaccurate pro- 
cess. We now want to see how when we are given 
the quantity as a formula we can lind the rate of 
change or differential coellicipnt in a se'cond formula. 

First we will take some simple examijles. 

V. ^ 


'I'o obtain thft slope let us find the change in 

• ^ dx * 

x changes :• 

for X wo have y — x-^ 
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! 

The change in ^ ^ hy ^ neio value of y minus old 
‘ value of y " 

= (.T 4 - 

= Qd"* + ^ xhx + ?iXp - 
+ hx- 

.* rate of change of y 

. — cijange in y -- change in a? 

= hyj^x = [2xSx + Bx-]/^x 

2x + ?ix. 


When is made indefinitely small the second 
‘term in the last ex])ression becomes indefinitely 
small, and passes the limits of accuracy, so that it 
can h(} neglected.’ Jlencu^ in the limit 


dy 

dx 


- 2 ;r. 


Wo have thus found a formula for the slope. 
J 

I - 1 - X 
1 _ 

I 4“ -r 4" i)X 1 “h X 
(bringing to a common denominator) 


2 \ 

Here lHy — 


' Some studcMits find dilliculty in following; thlrt argument 
with reference to terniM that become so small that they may be 
neglected. The point to lenicmbrr is that 5.r may be as small as 
» 1 
we like. SVipjosc, for instance a; • : 10. If we take 5a; = yQQQ’ 


7 - = 20 + - - 
5a; ^‘1000. 


If it does not'satis^ ■ us to neglect this 


1000 


** = i;oob,6o() = Z. 7 + i;6o5,6oo- 

smaller iftnd smaller values of 5{b, we hive finally f--* 20, i.e. 
, ( ax 



§ 30] SYSTEMATIC DIFFERHXTTATION bl' 

I 

^ (1 + aO ~ ( I + .r If 
• (1 + .r + fiX) (i + x)' 

__ 1 4- a? - 1 - .c - 

X) • 

" f ‘ 

(J “H Ji* + h.v) (J + .t) • 

o 

. ^?y _ ^ 

. •• * (! -f .f +^8.r) (1 + x)' • 

and making indefi iiitciy Srfljkll, 

^7/ ^ - I ^ 

• • </.r (I 4- .r) (1 + .rj [i 4- ajp' 

Wo might differonkate all expressions in tliis way * 
“from lirsc prinei])lG'i” ; it is, liowovor, possible to 
rednc(3 uiflPerentiation to a .set of simple rules, and 
this we shall now do. The method consists in com- 
mitting ^to rnemoi’y a certain iiumher of ntandand 
slopes (ohtaiiu3d in 5$?? 31, 32) and deducing all other 
slopes from these l)y means of tlie formuke in the 
next article. 

30. General Formulse. — We now show how to 
obtain the slope for the sum (or did’crence), the pro- 
duct or the quotient, of two (piantities, whcnjwe know 
the slopes of these*. quanliti''s separately. 


I'". Sum : if y -= y^ -i- y.^, 

the,/? = i-' + 

(lx (lx ^ dx 

For we have Sy = 4* ; 

dividing by • 

^ %l + ^^ 2 . 

• 8a: Sr , 8/; ’ 

or iftakiug Ssc (anS .'»Sy) indefinitely small, 
% ^ dyi ^ 

»dx dx dx ' 


6 • 
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Similarly if y - y.,, 

dx ~ dx dx’ 


2 °. 


Product : ^ 
(ly 
(iv 


then 


^ V ^ 
- Ih 


y*i‘ 

<hii 

dr 


^Vv 

Ax 


or in words ; live dope of {y^ x y,y) ^ y., x 
:h + y/i X .dope of 
Here 


doj)e of 


y + -= (vi + ^;/i) inh + %L')* 

^ (//i + (Hi + %•) - 

■-= H\lhl + //-AVl d* + %l* %2 “^i2/2- 

Hence 


hy 

^x 



?/i 


8./* 


+ 


8.r 


^//2- 


If Vv 0 make 8.r indefinitely small, the last term be- 


comes iio^ligiblo, for 


,, ^f/i 


Sr 


remains finite while Sy^ be- 


comes very small. So finally 

d(y,//,) _ rf//i 
dr " •“ dr 
T. QuoTiwN'r ; if y = y.JPi 

^U'l 
d.v 


tlum 'III = 


-}■ 


?/l 


<ir ' 


- y-i 


i)i 


rf)/, 

d 


Vi 


Or iu words ; Uui xhipe of a quotioil = rleiiomiiiator 
X slopc"u/ numerator — numerator x slope of de- 
nominator, all over denominator squared. 

y = J/i/Vi then* 

8y 9= ‘ 

?/i + %i ■ J'l ' 

' =, 6/2 + ,^ 2 / 2 ) !/' - ^2 (?/i +_8^) 

(A'l + 8yi)2/i 
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* vi Ivi + %iT 

Hence ' 

. !/, (//l + %,) . 


avid .'. -=-- - -- - because % becomes 

^ iu‘gli"ibly smalJ. • 

4". Function of a Function : ■-= 

(lx (Iz dx 

or in words ; of // iritk respect tn.r = slope of y 
irifh resp^xL to & x sl&pe of z willt respect to x. 

We now come to th»case of the more comiilicated 
relatiouh between y and .r discussed in ij (Clhaj). JII). 

Suppose y is given in terms of so that we know ~~ 

• (li* 

and z is given in hji ins of so that we know also 

dx 

We want to lind Dealing with finitt^ changes in 

value or increments we have on intioducing in 
nurncratoi’ and denominator, 

5 // _ ^// 8.7 

87 /; 8 - ‘ 8 ./;’ 

when the incn'.ments become infinitely small, each 
ratio becomes a differential coefficient and the for- 
mula follows at once, i.e. 

dy _ dy dz 
^ d'X (is (It 

special <fc,se ghould be C8.refully noted. If y de- 
poiuis on X, then x depends on y (inverse function, 

S -:7). So, replacing z by a;, instead o! saying: ^ is a 
function of z which is a function of x, we might say : 
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o(' //, which is a function of x. The^e- 

f 


X is a fuiictioii 
fore 


Now is 1 : 
‘ ax 


dx _ dij 
i ' dx ♦ dx 


h^nce 


1 == 

dx 


d'X 

da* 

dx 

dy 


or, 


dy jdx 
a very useful result. " 

This can be se<‘n very clcfirly from the graphical 
consideration of slopcjs. If a tangent to a curve in- 
tersect th(! y and axes at angles a and /3 respect- 
irely, such angles arc coriiplomentary ^ ' 

tan a — cot^ = 1/tan p 

hut tan a - - and tan /i — 

dy dx 

S 31. Fundamental Slopes. — We shall reduce 
the slop('.s we obtain from first principles (apart from 
the explanatory examjdos in til)) to a minimum, 
namely three, one foi* each of the classes of laws in 
the last chapter. 

1". y == x'\ where — a whole number. 
dy ' „ • 

dx 

To prove this we us6' the method of induction. 

When w = 1, 2/ = and f>y — 

“ » = 2 , y =! 

= (ic + 8cc)‘ - 2xhx + (&r)2 
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^ = 2!V*+ 8x and ^ = 2® + 0 = 2» 

^a; ax 

n = 3, y = ay' 

• % * * % 

we have seen in § 29 that = ?;c-. 

• dx 

t 

Assume the rule holds for any other whole number 
iC Wo shall prove that it holds for the next whole* 
number n + L We asstime, then, that 


\l y ^ then 
^ dx 

Take ;// --■= .T" * ^ = a;” x a; 
dx dx dx 


= X . + a?'' = wa?" + X*' 

•= (n + 1) x*\ 


Then, if the rule holds for any whole number, it 
holds for the next. Ft holds for n 2, for n — 3, 
for w — 4 and so 8n, and finally it holds for all 
whole numbers. 


2*'. y = sin a;, 


dy 

dx 


cos X 


^ 4- St/ = sin {x + ^x) 

8y = sin (a; + 4^) - sin x 


o . Sx 
= 2 sin - cos 

47 


s(x+ 


U ‘Qoe ^ • 


Sy 

Sx 


. Sa; 


cos 


(-t) 
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(t ) /_ fax 


till 

■ t)' 


(* - f > 


Th(^ iirst factor 


approaches unity when 


~ becomes indefinitely small (see S 19) ; the second 
factor approaches cos x. Hence 

= cos 
dx 

3°. V -= -fi'. 

dx ^ 

This wo have seen is a characteristic property of the 
exponential law 20). 

S 32. Standard Slopes. — We now deduce a sot 
of standard slopes from the results in SS 26 and 27. 

1". 7/ .r" {n any number), — nx*^ ~ ^ 


(1) let 71 bo fractional : n -= jyjq 

p 

y ~ ccv. 

Raise both sides to the 7'* power 
' 7 /' = x\ 

Dijfareniiate both sides with regard to x. 

The left-hand side*?/'' is a function of //, which it- 
self is a function of x\ we thcrefo'jc apply the 
“function of a function,” nilev (g 30, 4'"), and %et 

, ' 7^7/’ dy _ 

jdy dx dx 
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So 


STANDARD STiOTKS 


^<7 






di/ 


i 

■-] 


dx • if' I/'-'*'" i' 

9 x"-'; <1 


p i'-i 




(2) Lcit n be nep^ative : n — - m {m is a positive 
iTumbef, wijolc or fractional) 

•y =. 

- 1 . 

Dillfereiitiatc both sides : the slope of 1 is zero, for 
the graph of a constant is a horizontal straight lino : 
the lcft4iand side is a product (S 30, 2°). • 


dy* , , , dy 

» rfr + ' * 


0 


i.e. r 




dy 

dj’ dx 

dy 
dx 


mx" 


mx ~ 


The result then holds for all values of n. 


- s#in X. 


2 . // cos X, 

Wg can write cos x == sin and apply the 

*‘f. notion ff a* function ** rule (§ 30, 4°), for 
Sin (x + is a fiSnctioi! of ^ 

function of x. 
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i sin (a; + , 

ay _ a cos x _ \ 

dx dx 


dx 


= cos 


sinl^iK-jh^j d^ 

1 , 

l:A 

■* (* + 3 

dx 

■{ 

1 'i'L 

d.r. a \ 

dw "dr. ) 

• sin X . (1 + 0) — 

- sin a; 

dy „ 

1 X, •-- «ccr X, 

dx *• 


sin ./ . 

IS lo bo 

cos X 

regarded as a quo- 


tiont (j5 30 , 3 °) 

d sin X 

dy __ d ^sin .r\ _ cos x — 

Vcos x) 


dx dx \c 


sin X . 


d cos X 
dx 


COS" 

cos iC . cos x - sill X . (-isin x) 

(iOS- X 

cos- X + sin- X 1 




cos- X 


COS" X 


SCC^ X, 


4°. y = siii"^ X, ^ o- 


('/X‘ ^/l - x‘ 

Here we have , 

‘ sin y — V, 

Applying the “function of a function*’ rule 

(§3O,4‘0 

sin y tdy _ dx ^ ♦' 

dy ' dx dx 

^ dv 1 

cos y ' - I , 
dx 
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‘ 5a? %o^ y 


Jl - siix=^ y Ji - x^' 


5”. y = tan-^ a?, == . • 

. f + I 

Prcy^eeding as in 4", we put taij y ~ x, 

.*. sec- ?/ .- = I 
, • * ^/x* 

r/7/ _ I j 1 _ 

^jfx sec- y 1 tan* y J + a?-* 

• 6 ". -=^ 7 . 

Again similarly • 

• e" ~ X 
da" cly dx 
dy ’ dx dx 

1 


7°. The student r.hould notice the ettbcb of imilti- 
plyiluj by a constanL We will illustrate this by 
means of examples ; — 

(1) y a sin x. 

It should be evident that 

dy d sin x 

dx ■“ dx^ acosx. 

If it is not evident, the x^roduct formula (g iiO, 2 ) 
mav be used • 


fc — i vi< . niu u, 

lx ^ dx , 

. • da9 . sin a: 
== sin X + a — — 
dx dx 

=» “sin X X 0 + a cos x 
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= (a COS X. 

(2) y ~ sin bx, ‘ 

licf^ard tFiis as a “function of a function". 

* dy _ d^n sin (hx)v d{hx) 

(lx d:f d(bx) ’ dx ^ 

, ^ = cos hx X b = b cos^bx. 

Tho following list of standard slopes should be re- 
membered. The student should work out for him- 
self those which have'^not been obtained in the text. 

LIBT OF STANDARD SLOPES QK IDIF- * 
FEEENTJAL COEFFICIENTS. 


1. 

y = constant 

dy 

dx 

- 0 

2. 

y - 

dy 

dx 


3. 

sin x 


COS X 

4. 

eos X 


- sin X 

5. 

tan X 


^sec- X 

(). 

COSfJC X 


- cosec“ X COS X 

7. 

sec X 


sec“ X sin x 

8. 

cot X 


- cosec- X 

9. 

sin“^ X . 


lU/T-'x^ 

10. 

COS“^ X . 


- 

11. 

tan " ^ X 

1 • 

1/(1 + x^) 

12. 

* , 


e"" 

13. 

log X 

. 1 

1/a:. 


§ 33. Implicit Relations. — We Ijave so far con- 
sidered oase^ where th^, dependent quantity y is 
given iirectly (exjdicitly) in teriAs of a?, as in ^ 
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We frequently have y given in^ terms of x in an 
indirect {implicit) way, as in 

1 °. + %xy + I + y = O 4 

• 2". y^ + 3aiV/ ^ 2x^ = O; • 

3 ^ — X + y. » 

t • 

As before y can be determined when x is known, 
but only by solving an equation. In 1 ° we get tjie 
explicit form at once ^ ^ 


In 2 ” we find (on solving the quadratic equation 
in ;/) our relation i?^ equivalent to tiro explicit rela- 
tions 


y =-. - X and ;/ = - 2.7;. 

'In 3 ° wo cannot find the equivalent explicit gela- 
tions. 

In such cases it is still often necessary and easy 

to find To do so we only have to diflorcuitiato the 

eolation through, vnnrmhcriny that y depends uponx 
(is a function of x). 

Taking 2" 


2« + 3y + 3.r + 4.r = 0. 

dx ' dx 


Hence 


dy 

dx 


» 3 // + 

2 ;// + 37;' 


It is seen that in thi^Pcaso both x and y appear in 
the expression for the slope. This as a rule is no 
{^isadvantlge, ^nd even in cases where we can re- 
place y by its expression in x (wo couli in this 
example), it is generally not wortli while idoing so. 

In example S' we have similarly 
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d{xy) _ dx ^ dy ^ 

d(xy) dx dx dx' 



Hence * « 

« dy _ 1 - ye/^ ® 

dx - 1 

« 

§ 34. Successive,* Differentiation. — Having 
found the slope of any expression, say ic", we have 
another exprt^ssion, nxy~ of which we can find the« 
Uhe slope in turn o). And tl^is process may be 
carried out as often as we please. These successive 
differential CGcllicients are written 


So that 


dy d-y 

dx dP 


fPy 

d?^ 


etc. 


d A/// \ 
dx \ dvJ 

Thus if 
then 



t 

7 / = X\ 


<[!/ 

dx 


nx" 


, d-y 

’ d.ir 


?i (n - 1) 


2 = «)(w- 2)^-^ 

= n(n - 1) («- 2) (fi - 3) x"-*, 

and so on. • 

Note that the 7ith slope when n is integtal, 

n (» - 1) (« -■ 8 ) . *. *. 3. 2. 1, 

dx ^ • 

is a constant, and all higher slopes vanish. 
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Other examples : — 

2^ • y log X 


dy _ 1 d^y _ _ 1 
dx 3^' tdx^ • air’ * 
d^y 2 . 3 ^ _• 6 
dx^ ^ 


d^y 

^£6*® 



, and so on. 


' = ‘J'^y = ^ _ - pr _ „ 

dx dx^ aa*** y> 




4^ 


•dy 

— I-- %: 

dx 


y — sin X 


cos X — sin 




Fin. 44. 


i*y 

'iX“ 


— cos 


i^x 4- 


JT 

2 





- ‘-;in X 


- cos a* 


sin 7*. 


35. Example of Steam-Engine Mechanism — 

/l.s a useful example involving fairly complicated dif- 
fv.’entlatioit case the steam engine mecJmi- 

is% that we have already ^considered (p. 13).^ 

The crank Cn revolves around flie point C with 
uniform velocity* and the cross-head A reciprocates 
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between the poin/iS EF. To find the velocity and 
acceleration of the cross-head. « 

Let the cross-head be at a distance x from E. 
Vekv'ity. Ndw velocity , - rate ^^f change of posi- 

dx ^ I " 

tion, i.e. , 

dt 

X - EC - AG 

• ^ I ^ r - I cos <f) - r cos 0. 

Lot I — kr, ' * * 

then X = r \k {i - cos <^) + (1 ~ cos 0)\ (1)^ 

d.r • 

dt 

I , d( I - cos <^) dtf> 

~ r , n*. - , . , 

( d<l> ill’ 

dO]* 

. de ■ fit j 

+ ( 2 , 

do 

Now — rate of change of angle — angular ve- 
dt t 

locity = 01 ^ 77 l)(nug the nnmlxu- of revolutions 

per second 

Also I sin ED -= r sin 0, 

k sin </) = sin 0, . . (3) 

ditterentiating we get 

k cos </» == cos ^ . . (4) 

dt ^ dt 

Substituting (3) and (^) in (2), 

■ „ = r . '5 + *it> 

^ \ h cos <f» t dt^ dt/ 

*This is an example of “Functi .n of a function” (pp. 75 
and 83). 
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dd /sin 6 COS 0 . ^ 


^dt\ kcOH^ ^ 

= 2 7rr«smtf fl + y . (5) 

, ^ V • COJ 0 / 

From (3) k'^ sin- == sin- 0 

i.e. Ai' (1 - cos- <f>) sin- 0 

i.e. /b- cos- <fi — Jcr — sin^ 0 

or h cos (fi — J/r ~ sin- 0 

V = 27rr;t sin 6 / _ ^ + A , ^ f 0 \ 

\ \/ A:- - sin- 6/ / 

• • 

Accelerat<k)n . — Now acceleration = rate of change ^ 
of velocit}^ 

^ ( 7 ) 

di dO dt do 


<x= 47 r‘-V-r sin . — 


d ii.- 

i jk- - sill- e I 
do 


/ con 0 , -\\ 0~\ , 0 -, 

* ■'■ *) — r .1 • • <“> 

• r/ f ll 

Now ( - sin- b ^ j . 

dO 

/•-— • V., coa 6 - sm“6l 

- cos^ ^ ^ 

(A,-- - sin- 6^ 

j- sill*-* e - cos Cl . i li'L: » ;* 

(A- - ^in'^ e) 

sin fi, cos- 6/ , . -^ 2/1 

, - - sin 0 Jk- - sin^C/ 

^A;- .^snr' 0 • 

" sin- 0) 
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sin 6 |tos- B - ( - sin- B)^ 

(fc* - sin**^ ^ 

_ sin B (cos- B - + sin-_^) ^ sin ^ (1 ~ h^) 

_ _ (Vp ^ p'm- syi ^ . (/c- - sin^ B)^* 

Putting this value in (B) we get ^ 

' . o ( siiv B {1 - Jc^) * 

* a = 4:7rhi-r { 

[{Ic- - am-B)- 

' Z1 /l . W 

+ cos 0 (. I, + .rrr-^-T-- ) } 

- sm^BJf 

.oof ^ , si u- 0(1- /*;-) + cos ■ 0 {k- - sin^ 0)1 , 

= 47rW - cos 0 + - , . -^- . • ^ 

( (k^ - sin- 0)-; j 

* ...of /i-- fcos'“0 - sin‘^0) + siir0 (i - cosW) 

= 47r“9i-r cos 0 + - - - . --"Tiv . \ 

( (A;-‘W sin- 0)^ ) 

. o w f ,, , k- cos 20 + sin‘‘ 01 /ov 

( (^•- - siu-0)- I 

liquation (8) therefore gives the acceleration of tKcT" 

cross-head and thtirefore that of the piston for any 

angular position of the crank. 


hlXEKCIShlS 4. 


When the student has grasped the j^'f'inciples of 
differentiation he requires rofisidcrahle practiee in 
carrying out the operation in definite exercises and 
so should work carefully thi'ough the following : — 
Find Ine differential coeJfLcienls with regard to x 
of:— , " 


1. 

2. Oj;- - 0.r + 12. 

3. 4 + liar - 2.r-, 

A 2 

5 ^ 


6 . 


+ i 

X 


7. ix + 

^ « x‘‘ 

8. (4x + 1)«. 
£;. (3 - z)\ 


4 
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10. 

1 


17. 

X sm X. 



(^ +• i)-^' 
1 


18. 

19. 

X log, X. 
log^ sin X. 



11. 

(x + If' 

• 

20 

• * 

sin “ ^ (1 - 
1 — 1 




(..; l)« 


.^1- 

% J fX> 

1 

1 + X 

; 

& - 

13. 


t 

22. 

‘log, |.r + 


■1 4 

•16 - x'^ * 


23. 

log, 1/ + 


-11- 

14. 

sin + 

3;' 

24. 

• • • • 

,'/ ■'= 4 

- 


15. 

sin'-^ X, 


• 

‘J/l 




16. 

sin '2x cos 

X. 

.JtA. 

' Vi - .<■ 

-) 


96. 

sm Xi, 

30. 

21og,„J-. 

3.3. er\ 



‘27. 

sin""^ 2x, 

3r. 

cot lo^V X, 

34. fi-"- 



28. 

1 

32.« 

►log COt.i*. 

35. 6~ 

sin : 

3a;. 

29. 

COS"^''-. 







X 


36. fl! s =^= a (508 {nit + 6), (’md 

(tv 

37. If V -= A sin m.c + B sin nu- find 

iU^ 

38. If y = xHog, find 

39. If y = 3j:“ + 4.r • • 3x- + G, find ^ vC. 

40 . lly = sin'* X, find 


41, In the steam-engine show chat when the 
piston is at its mid point in*tho forward rtiotiori, the 

crank angle is cos"* and find the acceleration and 

2tC 

vf^Iv>citY in that jJosition. 
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ANSWERS TO EXERCISES. 


1. 10.r. 2. lie 6. 3. 11 - ix. 4. 


9 

6.1-,,. 7.4-;,. 


8. 20(4x+l)'. 9. -4(3 -x)'*. 10. 

-2 ,2 - ■'■") 13 l!^S-P‘- 4./^ 

(r-l- 0“ ' (.ir + 1)^’ ' (1(3 - ■ 

a: cos Jir“ +3 . 

14. — : V 15> 2.7!. 

J.i:- + 3 

16. 2 cos 2.r cos X - sin 2,e sin x. 

17. sin X 4- X cos X. 18i 1 *1' log x. 19i cot x, 

io. — =7--. . 21. 22. ~ 

V2.1; - ,7:'" 1-7 :- n /1 + 

23. ^ ~ . 24. Ufi'+c '). 25. 

/r“l V(1 + ^‘0(1 ■;*■■’)=> 

26. aecosx^. 27. 28. 

29. A— T- 30. 21og,„e.l. 


X Jx^~T 

31. -- cosec- log, .T. 32. - 7 — — 

X sin X cos X 

33. - 6 “^ 34. - 2 a;c“' . 

35. rf.(_*i:i»5+3o<»3,). 

36. - m-$. 37. .. mV- 33. 39. 18 -f 8. 

X 

Ar\ o /II ^TTiirk J 

40. 2 cos 2,.. 41. 

(27r«)=' (4^•‘ - 6A;--’ + i) 

* IW - i)* 



CFIAPTEK V. 

• • * # 

Al'J'LICATlONS OF DIFFFltENTlATlON. 
CitiTiavti VAriUP:s — M axima and Minima. 


30. TiOt us return the discussion in 3. It' 
the figim*. represents the graph corresponding to 
some law, then the point 



A is a viaximum, since y rises ta a greatest value 
and Uien falls ; 

B is a minim uJHj since y falls to /east value and 
)>ien rises. 

At each of these points the curve is for a moment 
horizontal, and if ^ is the rticlinatiori of the tangent 
at r *iy point to tjjie a;-axis, we shall have at A and B 

\lx.~ ^ ^ 

But vanisheg also at such a point as C where 
(i'X ^ 
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the curve rises and becomes horizontal only to rise 
again. 

The points 

C* and D are^m 'Ms Af inJlesf!,on with horizontal 
tangents^ ^ , 

^ arfd all such points as A, B, 0, D are critical points. 
We now have to deal with this problem :-r- 
• Given a law in the shape of a foimula to find its 
critical points and td discuss their nature. 

In the first place ail the critical values are ob- 

* c 

tained by writing 



for example, if 

7 / = +1, . . • (1) 

then the critical values are given by 

^ =3 - 6,1; = 0 

dx 

i.e. £c‘^ a; = 0, -r {x -*1) f= 0 
• a; == 0 'and x ^ 1*] 
the critical values of y ate 

(1) for a? = 0, y 0 + 0 ^ 1 = 1 

(2) for X ^ P* 2.1 -3.1+1 0. 



maxima and minima 


im 


§36] 

Having obtained the critical values, it is necessary 
to find out whether they are maxima or minima or 
only points of inflexion. • 

Drawing the deWed curve*of ffig. 4/5, we 'note 
(Fig. 47) that the slope which was^positive before the 
point A, vanishes at A (M) and becomes negative. So- 
At a^maximum the is diminishhuj, ami th^ 
slope curve is descen^lliuj. 



The slope of the slo!)o curve is negative, i.e. 

(i'ff . • , 

dx' 'f^f'datire at a maximum. 

Similarly 

dhf . 

positive at a ipimvn/m. 

At a poirit of inflexion speh as C (K) (Fig. 45), the 
slope which was positive diminishes down to zero, 
hut then it mcrSxses immediately after. We must 
therefore have a luinimu^ on the slope cjjirve; 
similar remarks apply to a point Stich as*D (-L^, 
and hence 
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dry 

• 0 at a point of inflexion {with fa horizontal 

tangent)^ 

For the ex})resf»»on Jl) ^ ^ • 


(Vy 


'dx^ 


= 12a? - 6.4 


Hcnco 


d*i/ 


(1) fora; = 0, =r'-' G,* maximum. 

(2) fv)i a? - = 12 - 6 ~ +6, minKnum.c 

As Jill oxaniplo of a point of iiillexion, take 

!/ = 0^ {•>• i)^; 

the ciilieiil values are the roots of 

^ {.c - ly + 3.r {X - 1)* = q 

i.e. {x - 1)- (a* - 1 + 3a;) = 0 
{x -- (4a; - 1) - 0 

X — 1 and X = j 

2 - i - V i** - 1)1 ■ 

. = 2 (a; - 1) (4.r - i)+ 4 (a? - 1)® 

= 6 (a; - 1) (2a; - 1) 
d^y 

X = 1 gives ^ = 0, point of inflexion. 


X 


i gives g = I 


minimum. 


It should be nc^ed that la general a maximum 
value of y is not the greatest value, Vor pfter rising to 
a niaximuHa and falling,^ the curve may rise again 
beyond ^the maximum. inspection of Fig. 45 
will show further that mixima ^lUd minima must 
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m 


generally occur alternately (always when there is no 
break in the*curve). 

Note. — The above investigation is not complete, 

% • • 

although quite exact as far i\^ it •goes. If 0 

• . dx 

d*ii • . . ; . * 

and ~ == 0 at a certain point, this })oiiit is generally 

a point of inflexion, but it may exceptionally still Ifl.*, 
a maximum or a minimflm.* *Tlie complete rule is: 
At a critical point lot 

dn • d.tr 

the first slope which (4oos not vanish being 
dx: 

then • 

(1) if r is odd, we have a point of inflexion, 

(2) if r is even, then 

d'^if , 

if ,“<0 wo have a maximmn, 

dx: ^ • 

• d''?/ 

if ha\(‘ a minimum. 

For instance, consider 
y --= (X - i)^ 


dy 


= 4 (.r - 1)’‘ : critical value is x - 1; 


dx 

fora: - 1, ^ = 4.3 (x - ly = 0 
-w. 4.3.2 (a; - 1) = 0 


g = 4.5.2.1 =# + 24. . 


dx 

Hence a; = 1 i^ & minimum. 
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Exebcises Sa. 

t 

Simple Problems on Maxima and Minima. 

r 

1. Find the critV^al j^alue of 8 -1- ^bx - 3a:-“. Is 
it a maximum or a painimum? , 

2/ Find thti maximum and mininium of 
x'^ - + 6 . 

f3. Find the maximum 'and minimum valVies of 
.'r (9 - x% . . . 

4. What is the maximum value of (23?+ 3) (5 - x) ? 
b. FrovtJ that the re.ctangle of least perimeter for 
a area is the square. ^ * 

• 6. Find the area of the gnjatast rectanj^le that can 

be inserihed in a ^iven ti ian^lo. 

7. Find the values of x for a maximum value of 
the gra])h y = xe^\ 

8. Show that sin x (1 + cos x) is a maximum for 

x\^ 6(r. 

9. Find the minimum value of a cot tan 6 


between 6^ — 0 and 0 — 

A 

10. Find the values of 0 which make cos $ + sin 0 
a maximum, * 

§ 37. Worked Problems on Maxima ’and 
Minima.-»--The following examples will show some 
of the many applications to problems of engineering 
interest of the above treatment of maxima and 
minima. 

1 , A man A is 5 milet out at sea irp a boat opposite 
ih 2 )oint B and wishes to re.ich a point C on the shore 
at a distance of 8 miles fr(f,n 13. If he can walk 4 
miles an hour and 'f^ w 3 miles an hq^ur, find at what 
point he should*, land ip order to ^reaoh C in the 
shortest possible Jtime. \ 

Suppose that he lands at a point D at distance x 
frpm B. ^ *■ 
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lOfe 


Then the distance that he rows 

» AD = \/25 + 01 ? miles 

and the distance that he walks = DO = ^ - a? miles. 

- * Al) • 


.•.^Time taken 


* - 3 ' ^ .4 


, (8 - a;) • 

• . “3 . 4 

djp 


0) 


■dx 


dx 



, <? (25 + .-c")** , •id {S - x\ 

“ =‘ dx ~dr~ 

(25 + x-)i-^ ,/25 + a;-\ ,, 

■= h 2 • ( rfiiTV + i 

(25.+ xY^ 




2.3 

- - i 

) + a:^ 

dt 


. 2 i - i 


( 2 ) 


rf'or a mininfunitvalue^ « 0 
* This is an example of cf. p. 84. 
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i = o 


3^25 + 0:- “ 

, i.c. 4.» = 3 + a? 

* (squaring) !^>ar '= 2fe5 + 9;^“® • 

, 225 

. ^ — rj 9* 

, X = ^ - '^‘7 niiler., Ans. 

(ignoring tho iingativoVoot). 

The coi responding tirnt*, is ‘{* 1 02 hours. t « 
« We hav(‘ not yet provtul that Ihis is thfe miniiuiim 
valu(; hilt it is (*asy to do so as follows: — 

If ir* — 0 , t — »‘107 hours 

„ ir - 5-7, t - 3*102 „ 

.c = 8 , i = 3*145 „ 

I'his is the whole range of x and clearly t must be 

a minimum. 

dH 

The other and more relialde test is to find - ,. 

ar;;** 

This is not often necessary in practical cases hecjuise 
there is seldom any doubt, hut we will do it as an 
example r 


(3 V25 + >^ _ ^ 4 ) 

dr. ■ ■ </•'• 


{ ’ /dr-r-J^ _ ■^■'^(n/ 25 + a--)] 

{ • d.r , dx i - 0 

1 J2ry + x^f 


1 / ^25 +. - yj (25 + ar®)-l \ : 

^3V ' " 25 + ^ » '/ 

25*+ ;r- * .r- >25 

3 (25 + y-)^ “ 3 (25 + 
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This is positive for x = 15/ (and in fact for all 
values of x : note that there is no question as to the 
sign of the root, as we have adopted, and retained 
the positive d(j4ie?‘minatiAi in the^] problem ). 'Hence 
the point is a minimum (g 3^, p. lOJ). 

2i (C) I'ind ftic position of a short uniformly dis- 
trilmkd load irhich u ilk gira the maximum hending 
moment at any point of a simply suppoi'ted girderT 
Suppose that the contie flf tlui load, which is of 
i^tcnsj/.y^; and length I (Fig. 49), and of total amount 
W = pi, hjis reached a point D. 



Fi«. 49. 


Let C be the point at which the beiiding moment 
is required, and let He front of the load be at a dis- 
tance X from C and let the Hupj^ort J3 be at a dis- 
tance y from C. Let R,\, Kb be the reactions at A 
and B, and let AB = L. 

X. W.AD pi/ I' 

Then Eb = - == (L - h- 

Bending moment at C = = Ki. .y- 


(l -^j - ^2-' 


We want to know fol what value of x this bending 


moment will be 'a maximum. We therefore treat x 



loa 
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as the variable and put 

ax 

constant. 


0, regarding ^ as a 


(Me 

*da‘ 


pi'll 

L 


a{ 


h % y X 
dj‘ 


I) 




‘px 


If this 


li 

0 , . =-= 35 


p dx- 
2 dx 

.2x * 

( 2 ) 


li 


X 

or j = 


Wi* thei*(3foie get the rale : The B,M, at any point 
is maximum when the load is in such a pi)sition 
that the given point divides the load in the same 
ratio as it divides the S 2 )an, 

If there is any doubt as to whether the result is a 
maximum or a minimum, and in practical problems 

there is seldom any doubt, we find 


From (2) 




® - P- 

This is negative, therefore the B.M. is a maximum. 
3. (M) The horse- 2 >owef that can be transmitted 
by a belt one* square inch in section running at V feet 
per minute is given by the formula 

H.P. = — - . —Yl ... 

891 12,400 X 10« ; 

* ’ » • 

What^peed\nll give the me^ximum horse-power and 

what will bh the value of the maximum horse-power ? 
In this case V i^ the variable, so fsre put 
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rf(H.P.) _ 7 _ _ 3V* . 

“dV ■ . ^ 891 • i2,4g0 >c f6« 

. _ 12,400 *x J0'> X 7 

■ • 3 x'89l 


= .0 


, V = 5700 feet per minute. 

Putting this value for Y formula for horse- 
power, we get * 

^ ^ max. H.P. = 29*9 

4t (K) yind the relative values of the internal and 
external resistance an electric batlcrij to obtain the 
greatest power therefrom. 

If Ei and E^ are th(^ intc'riyil and external resis- 
tances respectively, C the current and V the voltage, 
we ha^e 


r — _ ^ _ 

e;+e;* 

The power giv(jn out W ^ O'E, 


W 




d\N 


regarding E,. as a variable wo put = 0. 
mu 

. + * '*'?]+ (R, + SJ* 

=> 0 . 

Le. (B, +•«.)=* - R, . 2 (R. + B,) 1 = 0 
• (S, R.) (B? - R.) = 0 

i.e. I{. = R„ • , * 

on rejecting the solution E, + E, = 0. 
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/. the maximum power is obtained token the ex- 
' ternal resistance is equal to the internal resistance. 

Alternative^ solution . — In problems of this kind 
when the denomiiny-or ra6re comfjlioated than the 
numerator, we can often find the minimuiii valu/j of 
th(5 quantity morci easily by finding fch(j maximum of 
the reciprocal and vice versjj, ^ 

• . 1 - t 4- 4 


^ 1 _ L /Hr 4- 4 

’* \v ■ V- V‘ ' X 


"W 1 / - IV ^ 

7ai ~ vH ■ ti/ 7 ^ 

i.e. iV - — 0 or K, — 

IJo test whether this giv(JS a maximum, dithirenti- 
ate again, thus getting 


1 (l - 

Y'^ \ b ;7 1 


IV (- 2)/B,- 


dR " 

_ 21^ 

X-' V^* 

This is 'positive, therefore the above value is a 

minimum for X or a maximum for W. 

W 

5. The requLations of the parcel post stipulate that 
a -parcel mu^t not exceed six feet in length and girth 
combined. What is the size of the parcel of the great- 
est volume that can be sent ? 

Lot I be the length m feet of the pf<ircej, then the 
girth or perirnpter‘of the parcel vjill ke (6 - 1) fqpt. 

Now^f ^ is ths area of tfte cross section, wo have 

V - A . Z. 
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For a given pcrirnelior the circle has a larger area 
than any otTier figure,* therefore V will be greatest 
for a given length for a right cylindci*. 


and r 


Now A ~ V;*-* ^ 
pt*riin(*ter ^ ^ - I 


Att ' 

V * 

Air 

' dY ^ 1 <7(36/ - I'J/- + /■<) .. Q 

dl Att • di 

i.e. ;U) -- 0 

12 - 8/ + =-. 0 
{I - G) (/ - 2) • 0 

^ .*. / = 2 or 0. ^ 

6 is clearly the length for minimum volume, since 
the girth would then be 0. 

Therefore the length of the po-rcel is 2 feet and Its di~ 

4 • 

amelfir==.^- = 1*278 feet, 

TT 

The volume wil i bo r-r-l —wx x 2=»^>=2 546 

cubic feet. 

6. (C) If the velocifjf of flow through a pi'pc Is 2 >ro- 
portiofial to ^ m, for a givd^i fall of head and ta is 

•The mathematical proof of this dopnid^i npou tljc Cnlculus 
of Variations and cannot be^j^iven here. The fact will be 
familiar. For exa^iple, if thes inner tube of a bicycle tyre is in- 
dated the presSnre of the air inside will make the internal volume, 
and®therefore thc*crofi5 section, as large as possible before 
stretching the nibber ; the cr<£s section becomes ^irdlar. A 
sphere is the surface of given area which contains the greatest 
volume, as may bo inferred from the shajp# of a soap bubble. 
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area of water flowing 


fi^id how fyfll a circular 


wetted 'perimeter of pipe • 

pipe shouLdpm to give a maximum discharge, 

Nc/w flow por sccorfd velocitf y area 
~ h Jm X A 

Inhere P -■= wotted perinnoter — ADJi (Fi^. 50 and 
A; is a constant coellicJeiit. 



D 

Em. 50. I 

Now V — rO * 

A — area sector OADJ3 -- area AOAB 

• r^O . . . 

= - r- sm 0 

(Since the area of a triangle = ^ product of two 
sides X sine of contained angle,) 

*■ = r! (/? - sin 0) 

7, •>»«)• 

This will 4)6 a maximum when * 

* ' 7l 

-yi - -g~ . {e - sm $) 


IS a maximum, 

f 
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1\S 


maxim uiD 


3. when 0 is a maxi: 

i.e. wheu ^ ^ = 0, 


do • 


d 

i.e. 0^- 


(' - - ?)’ 


do 


/. sni 0\ 

^ ' r) 


sill 0\l do 

do 

sin 0 


- 0 


• • 1^1 - 

i.e. I - ^ ^ 

0 I 


dO 


. sin 0\ 4 ( 3(9 / - 6» cos 6 

• • V ■■ ) i 


■f sin 0 


sin 0\ i 


or rejoeting tin*, factor } 

sin =0, 


i.e. 0 ~ - 


- sin 0 

- »J cos 0 


We cannot solve this equation by direct means so 
we proceed by trial, tabuJatin" as follows (see next 
page). •« 

li: is fairly clear that the pipe must be nearly full 
to ‘>ive a maximum discharge, so we will start with 
0 300“. We pass over the choice of trial values 

'necessary to •approach the neighbourhood of the 
correeft value, and giv^ a fe^/j trials close round ij^ 
♦This is an cxauiplo of the cKiforentiation a procluct (cf. 

p. 82). 
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0O 

sin B 

cos B. 

2-3 COM B. 

2 - 3coBfl* 

B radians 

300' 

- -8000 

•5000^ 

*•'5000 

1-74 

6-238 

:m 

- -8102 1 

I 

•2702 

2-03 

6-233 

mi 

- *708(1 

‘ (>018 

•1040 

411 

rySdS 

808 

- 78S0 

1 (»157 

•l'''20 

5-14 

6-877 

310 

7(i()() 

0428 

•071(> 

10-69 

6-410 


Tho«i(‘ valu('s can bf' Jj'lottod il the exact result is 
requiud, but it is neai onoiif^h to take 0 ~ 308\ 

ThtMi depth ol watei — ; 4 - cos 

— r (1 + cos 2(> ) 

I HOHiS / — 919 X diam. Ans. 

7t (M ) T/n> ejliGiovc If of a sifuai e^thrcaded so eiv or a 

Uorifi gear i6 given hg the foimiila #/ -= ^ , 

Ian (tt + 0) 

wlieie a IS the angle of the thiead and is the 
angle of ft at ion. h\n a given value of </> find what 
angle oj thread will giie a man mum efficiency. 

__ 

tan (<i f g>) 

The inaxiiniiiii value ot >/ is j^ivcn by ~ 0 

da 

. t , MX d tan a . d tan (a + 4) 
tan (a + 4) , - tJlii a 

da (ia 

^ ® tail- (a + 4) 

One possible solution of this is ~ r, r == 0 

tan- (a + 4) 

TT 

i.e. a + 4 ^ 

*but this woTild make rf and clearly does nou give 
maxiihum. Multiplying through by tan^ (a + 4) 
we get 
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• •• 

tan (a + <^) sec^ (fi - tan a sec** (a + <^) = 0 

Iq 8irf(a + < l>) sin a ^ q 

' cos (a + ff}) cos^ a COS a cos^ (« + ^) 
Multiplying Ijfifough by cos* a . cos- (a + 

,sin (a + </») cos (tt + sin a cos a = 0 

i.e. sin ^ (a +</>)- ^^ sin 2 a 0 • 

i.e. sin 2 (a + <^) = sin 2 a 
i.e. 2 (tt + 180'^ — 2a 

4 tt = 480"%- 2 

tt = 45*" - Ans. 

8> (E) l^ie forcem exerted by a circular current 
of radius a on a smail niagnst whose axis coincides 


with tile axis of the circle varies as 


where 


♦ {a^ + xy 

X is the^istance of the magnet from the 'plane ofd/te 
circle. Prove that the force is a maximum when 

X = ia. 

Kr 

Here F = — ' - where K is a constant, 

(a*^ % aryi 

dP * 

= 0 will give the maximum viiliui of F 


dx ax 

{d^ + x-^y “ 

• dx- 

(«••* + .1 - x.^-.{a^ + ^ 

• (d^+ (a- - 5*x ^ } = 0 

a-* -#4 a;-* 0.. 


or iP = 
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The positive and negative results represent posi- 
tions on either side of the circle. * 

S 38. — Points of Inflexion in Generai. — We 

r 

have already mentioned points of i'nflexioTi in §§ 3, 
13, and 36. They*' are' points such as I' (Fig. ^ 28) 
wlieiif) the direction of curvature ‘is reversed, i.c. 
whore the curve is momentarily straight. I^t will 

be* noted that the slope^-5^^ diminishes (i.e. the tan- 
f dtt * 

gent turns in a clockwise direction) as we approach 
F when it reaches a minimum value and then in- 


creases. 


rieiice ^ 
dr- 


0 at a point of inflexion, but 


djf 


does not vanish in general: the cases wheie it 

do'"s vanish, i e. when the point of inflexion has a 
horizontal tangent were mentioned in g 36 
Taking the example already used (p. 100) 
y 2H -- 3i-’ + 1, 

we have 


- 12 r - 0 
dr- 


0 


the 'point of inflexion occurs when 

Example of Point op Inflexion. — An engineer- 
ing formula in which the point ol inflexion is of inter- 
est is Eanki'iie’s formula 'for mild steel columns and 
struts which may be written 

/p«= - — 

1 + -- * 

, ■ T GOOOc * * 

where t; is the ktickliug frA'tor (length divided by 
least radius of gyration for pin ends) (see p. 60, Ex. 2). 
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Expressii^ this in general terms we have 


= - 2«d 


whore a, b are constants. ^ 

dfy _ (1 + hc^ (2fec) 

dc ^ (1^ 4* bc^)" 

__ -• 2abc 

“a 

^ 0 = - tiah - - ^ 

dc^ dr (1 + hd^yi 

-1 . (1 -I- hr.-f - . 2 (i + fe--) . 26c ] 

-• (l+6'-r J 

=. - 2ab 1 + ''"V. - -- 

(1 + bc-y^ (1 + bc'y 

Equating the numerator to zCro, 

• 1 - Sb(r — 0 

or c ■-= ± ij J3h 

The positive value is the only possil)lo one 
••• C =? — -3- - v/iiOOO 
'6000 

— 44,7 approx. Ans. , 

Coin])ar(j this with the result ol)taincd by plotting 
in Exercise II, 2. 


ExniicisVs /)B. 

Further problemB (tnostly more ditlicult) on niaximn. and 
Kiiniina. • 

1. Find the values of x which will give respectively 
che maximum alhd minimum values of 

• • • ir Sx^ -• S6x + -8. 

2. Find the maximun# and miry mum vakies of 

{X -If 
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loCT X ^ 

3. Prove that - has a maximum rvalue when 

X 

X ^ e, , 

4. The efficioncjr of a P^ton wheel is given by the 

formula 97 where U is the velocity of 

the impinging water ami v is the velocity of the 
vf tie. Find the maximuni efiiciency and thcSrelative 
values of U and 0 at wji^h^it occurs. 

/5. I f the strength of a beam of breadth h and depth 
d varies as bd\ show that the strongest beam that 
can be cut out of a circular log of diameter iffi a 
< brefwlth of *.077 J). 

6 . In steaming against a tide, the resistance of the 
ship may bo takem as proportional to the square of 
the velocity and the cost of fuel per hour is propor- 
tional to th(* produCu of the resistance and the velo- 
city. Find the most economical velocity irrelatively 
to the tide for going a given distance. 

7. In planning a bridge of several spans over a 
river, the cost of main girders for each span may be 
taken as proportional to the square of its span. Show 
that the most (‘conoraical arrango.nent of equal spans 
will arise when the spans are such that the' cost 
of main girders for each span is equal to the cost 
of each pier, 

8 . The bending moment at a certain point at dis- 
tance X from one end of a beam of s])an I is equal 

to * — -yr- Find the maximum bending moment. 

9. The flow of steam through an orifice is pro- 

1 / 

portional to a 7 WI - a where a is the ratio 

of pressures on the two sides and* 7 ip a constant. 
Find the value cf a to gb'^e a maxim,um 'flow.. 

10 . « Divide the number 20 into two parts kuch 
. ,^ait theii’ product is a maximum. 

■ % 11. Find the least area oi. canvas Ahat can be used to 
iftconstructa conipal<tent of cubic capacity 800 cubic feet. 
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12. If a triangle ha^a given base and the sum of 
the other twft sides is given, show that the area is 
greatest when these two sides are equal. 

13. A rectangle o^ sides y has four s^quare 

corners cut out ftnd the sides turn^ up so as to form 
a rectangular box. Show that. for the maximum 
volume the depth will he ^l{{x + y) - -xy\, 

14. ITind the height of a cylinder which is cut out 
of a sphere of I'adius K to givci the maximum curvSil 
surface to the cylinder. • • 

15. The ellici(3n(*>} of a certain h}ilraulic motor 

is by 

. (U - e) _ ^ 

V - # n-' 


j) 


whore v is tht- variahlo. Piovt* tliat the iiiaxiinuin 
efficionc^ is attained when / 

2v^W - 4HU + ullV + <//r* = O. 


ANSWERS TO iiXl'iUOlSEE. 

• 5a. 

1. 262 == Maximum. 2. 14*7, ~ 27. 

3i ± 6 v^3. 4. 2i*l25. 6. Half the aioa*of the A. 
7. Maximum at j = 1 , mlloxion at a? = 2. 

9. 2al6i. 10. T. 


Ob. 


1» Maximum when j* -a - 2 and imnimuin when 

■u - + 3. : 0. 4. 1 ; « = H. 6. 1^ times 

tbe*velooity of tne cCirrent.* 7. If P = cost of each 
pier, n » number of spins, Z each span .anil L 

total span and cost each span =^a • 
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{n - 1) pif3r8, therefore total c(^st = (w - 1) P + Tia 
Z P + TjaL Then differentiate with re- 

spoof to Z. ' 8. -m'WZj* 9. a' = 

10.^ iO and 10. li, 36 1 square feet. 13. Lefra? == 
heifjht which will be the side of each square corner 
cut out, therefore dimensions of base of box^will be 
;/f “ y " 2z and volume z (x 2z) {y - 2z). 
Different iat(i with ref^jird to z and fiquate to 0 thus 
gettin*]; a quadi atic equation with the. requii ed solu- 
tion. 14. 1*114: K. <, 
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SyS'rKM.\TIC !NTE(i UAXION. 

§ 39. — Integ^rals. — \\c have alrciuly discussed in- 
te^gyt^iroin the gra^ihical point of vit‘.w in ('liap. F, 
gS 6, 7. Wp will now^ rosiinie this discussion. Ijot 
us suppose 7/ to be giVen in terms of ; suppose, for 
instance, • 

y = x’K 

We can then determine the sloj^e of //, 

• = 2x\ 

dr 

Conversely, if wo start'd with 

//i 

then j:;'* would ho frhe nidejiinie intcyrai'^ y, and 
we sfioiild wi ite 

f IJ//.'/./’ - 53;r“V7./* x’K 
Graphically we should say that 

7/ - Ihr 

being the derived curve of y = it follows that 

y ^ 

is the sum cuive of // Ihr, 

.hitegratiun then is I lie^ inverse. jtnKrss to differ- 


* Wo call it^“ iiii^clinilo ” because it is the general expression 
for the istegral*; in^ny^iven jii'ilblciu wo4iave a particular or 
“defniite*' integral determiuecLby the special condition^ of the 

Tivn1il«»Tn /hpa lA.f.f>rV “ 


problem (see later). 

tRead this integral ydx 
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f • 

entiation. To integrate any exjrressig^ means to 
answer the question : what other expression difTei^ 
entiated will give this^ one? Although graphically 
integration is sin>pler^ an^ more satisfactory than 
differentiation, analytically it is very much toore 
complex and difhcul t . The processes of di ffei'entiation 
apd int('.gration are relatodr to each other exf;.ctly in 
the same way as multip^lication and division. We 
know that 72 9 = 8 because wo remember that 

8 X 9 = 72. It will be noted that whenevorcjvg^f- 
foreiifciate an cxx)ressiori, we learn an integral, e.g. by 
differentiating jr we learn the integral of ; this is 
almost our only method of integrating; and in fact 
for many expressions, the integral cannot even be ex- 
pressed at all in terms of the three catagories of laws 
dkilt with in Chap. 11. This is the case foff example 
with 

C dx, 

} Ji - k- sm- 0 

both of which arise in some problems. ^ 

On the other hand, the integration of a large 
number Of simple expressions is easy enough, and 
this is so with the greater part of those occurring in 
a course of engineering. 

In the first place we pan make a table of standard 
integrals flom our list of standard differentiations in 
§ 32. 
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* •• 

LISTpFSTANt)AKD INTEGRALS. 


y 

• 

• 

^ydx* 

JL. a?" (except n = 

• 

- 1) ‘ 

% a;"^i 
n+1 

2. 1 . 

• X 

• 

• 

. log X 

3. sin a; 


. - cos X 

4. cos X 

t 

. sin X 

tan X 


. log sec X 

6. cotta; 

• 


. log sin X 

7. sec a; , ^ 




t 

' V OR ) 



-log( “-fj) 
\1 - sin a?/ 

8. cosfjo X . 

• 

. log tan ^ 

9. sec“ X 

. 

. tan X 

10. “ cosec'^’ X 

, 

. r;ot X 

11. l/^/l--a;- 

. 

. siri"^ X 

12. il{l + x^ 

• 

. tan ■ ^ X 

13. 1/(1 -a;-") 

• 


14. e* . 

% 

• ^ . 

15. log a; 

. 

. X log X - X. 

Spme of these do not 

cyjcur in 

the table of differ- 


ontiations, but gll are important, and the student 
should^endeavour to learn them by Ijeart. All should 
be verified by differ entiatimt. ^ 

Arbitrary Constant.-^hB dififer&tial Coefficient 

* [<& means J 1 an^i% x. 
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of a conRtant is zero. Hence’ if any arbitrary con- 
stant be added to an indefinite integral, it will still 
do equally . well. Hence to aU the indefinite in- 
tegrals which w^ obtain arbitrary constant C 

must be supposed ,to *be added. Thus the geeieral 
form for ' ^ ' 

».M I 1 

dx is + C 

U -h 

This point is well brought out by a di.igram 

(Fig. Tilj. Tl^o effect 
of adding; a constaiit 
CJ to an expression 
is to raise the graph 
through a height C, 
as in the curves 
shown. The two 
curves, however, 
have everywhere the 
same slope and there- 
fore the same slope 
curve, and the two expressioris of which these are 
the graplis will be intcgials of the same expression. 

The student can now determinci a number of in- 
tegrals for himsc'lf. Thus to intt^grate [x^ + 1), we 
see at once that this will bo obtained by dilferentiat- 
ing + C). 





Fin. 51.- FfT(’(^t. (»r afldiuK a 
coiiBt.Miit to an o\|irossi(m. 


Fxkkci.sfs 6a. 

l^jvaluate the following indefinite .mtegrals : — 

1. \{x+l\dx, 2. \{px-\^a)dx . , 3. [fax^ + bx^hc]dx. 


f dx 



J VS'” 

6. JyaV-, 

MV 


9 7. 5(l-co^2ir) da^, 8. Jtaii^ xdx=\{^(!? x-l)dx. 
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9. 5(A sin mqj + B cos mx)dx. 10. 

§ 40. —Definite Integrals. — There are two aspects 
of integration : it^jSrst appears as tlje inverse process 
to diijerentiation, and then as* a ^sninniation. We 
corae now to the Second aspect, artd we shall after- 
wards ejtablish the conneyjon between the two. ^ 
Consider the curve (a parabola) 

y ^ jx ^ y 


Jr 


dx 
1 + a^x- 


tr 



• 52 . 


Let NP be any OF-dinaio, when? ON = ,T,'and let 
us try to find the area betwecji the curve, OP and the 
abscissa ON. 

Divide the abscissa ON into a hirge number n of 

% .. 

equal parts ON^ = N^N., — N^,N., — . . . ^ 

Draw the corresponding ordinates NjP^, N^P. 

. . . and draw fiKp P.jK,, . . . parallel to the 

• • • 

X axis. ^ ' 

^ If 9 

Tb^ the sum of the jrectangles ^N,Kj,^ 

. . . is less than the area* under the curve but ap- 
proaches it in value,* the defect bein§^ the sute of the 
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triangular pieces ONiPj, P 2 K 2 P,. . . , If the 

number n of slices into which we cu( the area* is 
increased the approximation will become closer, for 
the tnangular pieces form^a vanishing area bordering 
the curve. ^ u 

that when n is sufficiently fereat, the error is 
below our limits of accu^^acy, and the sunp of the 
rectangles becomes the area under the cuiTe. 

* I i 

j: • 

The quantities may be considered as increments 

li 

in X and written Sx, while 0, NjP^ N^P^ . . TTSeing 
successive ordinates may be wri’uten y„ 0, . . . 

Thus the area under the cur« e is ultimately equal to 

y^^x + y.jix + y^Sx + . . , 

Using the symbol S to mean “ the snvi of all expres- 
sions like,'* the area 


X - o 

the extremci values of the abscissa being indicated 
below and above the B. When n is sufficiently great 
for the limits of accuracy to be surpassed (Le. the 
error of the approximation is less than the errors of 
calculation, measurement, etc.), we lengthen the S : 



“ the integral of y from o to rr 

We can supposc^that we take the area for different 
values of the variable x, and then A would have an 
expression In terms of x, . Let ' us Consider wh&t ex- 
pression^ this i^. ^ 

libt us consider a small change in A 

^ li 
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> 8A»areaNMQP 

» rectangle NMLP (appiox.) 
« NP X NM 



« yhx. 

Sobthat 

8A * 

y= - (approx.)* 

^ X ^ 

= ^ (oxactlx). , . 

So that A is an expression which when difTeren. 
tiaffiJTgives y (or i.e. A in an intvtjral of y — xK 
Referring to our ttrfhle of integrals (No. 1, p. 1^23) * 
we see that • 



rJ+l 

r+i ^-c. 

But we do not yet know what vahu*. of‘C must he 
taken. To find what value C has in this 'pdrticular 
case, note that A =» 0 whAi ic = 0, and substitute 
■ . 0 A § 0^ + C, i.e. C = 0. 

,A » ^ ^ xy i.e. rectangle ON If P 

; Suppose we wished to find the area of a different . 
section say between x ™ a and jp 
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Then area up to A = § C (retaining C for the 
moment) and area up to B = § 6*? +' C. Hence 

area ABQP = f ydx - (§ (>3 + C) - (| ai + 0) 

So that C disappears and any Indetinite integral 
could liave b^^en taken. This is whv wo have not 

I f 

pLt in the arbitrary constants in thu bst of standard 
integrals. ■ ‘ ' 

These integrals with upper and lower limits are 
called definile IntoAfrals, and to find a definite 
firist find the uide/lnlle inteijraf ^ than substitute in it 
the npimr and Uncer limits, ttUid then subtract the 
latter result fro'ni the former. 

In ])ractic(i the detinite integral expresses a re- 
sivlt und(;r dofiiiite specilied conditions, w;hile the 
indefinite integral expresses the same result when 
the conditions are not specified. The former, for 
example, might be the distance covered by a moving 
body starting i'rom a given point, the latter the dis- 
tance covered from any starting-point. 

The following are examples: note the square 
bracket notation : — 

/jr." ^ + ' 

.T" dx -- - - — ^ - - 

n + i n + 1 n + l 

j;; dx m;; - - e" 

J? sin X dx = - cos a; ^ - cos - cosO) 


f dx 


[tan^kx*]! = tanw 1 I* — tan '^*0 
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*= IT = -785. 

• 4 

Note . — We h^ve supposed that the divisions 8® were all 
equal : the value of the integral is •not altered if they ^re not 
all equal, provided Snly that they al^becq|ne indefinitely small. 

The i^oof of this is too dilhcult to inseii here. 

• • 


Bxkkcis1?s Gh. 



10. Usec^ X dx. 


§ 41. Applications of Integrals. — Applications 
of both indelinite and definite integrals aro very 
varied and numerous. We shall discuss several in 
some detail in the next chapter. But we will give a 
few instances here. 

Consider again the nature of an integral. We take 
the values of a dependent quantity y for a whole 
sequence of very near values of x, w^e multiply each 
by the corresponding increment and w€i add. Any 
quantity z which is obtainenj from another y in this 
way is an integral, and the area of a curve is only 
a special case. ^ 

1”. Mass op a Eod op vabying Density. — Let the 
length of thn rd& be 1 ft., and let its density p, i e. its 
y&c unit lSngt8, at anf" poifit be proportional to 
the distance from one o^d, and b(f 3 lb. per foot at 
the other end. • 


9 
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The density at distance x from the front end = 
X 3 = 3.r, so that />=3.r. 

Suppos(i the rod to be divided into a number of 
equal parts of N\h?oh Bx is one. 

Then the mass .of this part — ffhx (apj)rox.), and 
the whole mass is 

S/Ar (apj)rox.) 

ri < ' ' 

I f)fl.r ((ixaetly). 


So mass - 


lx — J 3 .r (l.r 


3 


--- lb. 


T. To Find thk Vulocity at any Instant and 

THE DiSTANCK FAIiliEN TJfKOUOH BY A BoDY^'eALLINQ 
EKEELY UNDEii. (xBAviTv. — The body is dropped from 
a jL'iven point, and moves with a uiiifoj m accelera- 
tion 32 feet per se‘coiid j)er second. 

If X is the. distance it has fallen in time then the 

velocity is and the acceleration 
• dt 


d-x 


dr^ 


, - 32. 


dx • , 


Now is the quantify which, when differentiated, 
dt 


gives 32. So 


dx 

iit 


=j'32rf« =[32«]V 


^2t, 


Similarly x is the integrr I of the velocity 
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§ 42. Reducfion to Standard Form. — So far 
we kn(^w the fifteen irite^als giv(‘n in the standard 
list of S such others as we may ari-ivo at^)y 

differentiation. Wc cad oljtifin the other integrals 
by redyeing th(;in tv) standard ones by various means. 


1'. MuLTiPiiYiNG BY A CoxXSTANT. — Looking at an 
integral from the summation j)oint of view we see 
that the integral of a tiinva // - a. limes Ike inteyml 
of i/f i,Q^\aTjdx ^ ali/dx. 

For example 

Ja sin X dx - a cos x. 

T, MULTll'LyiXG THK AkCJUMKN r BY A Ck)XSTANT. 
— \\^e will find the integral of sin 
\sin hx dx. 

It is clear that an increment in hx • 

Shx == h6x. 


If then in the sum wo replace each increment 
by 6bx, we shall bo multiplying liach clement and 
therefore the whole by h, Ilciice 

Jsin hx dx Jsin hx d{bx) 

rr. i ( - cos hx) 

hm 

^ cos hk, 

m ^ 

* argument of sin x is a;, of siy 6.r, anfl in general n 
^f(x) is X, 
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3°. Addition of Constant Argument. — Con- 

sider the integral of sin {x + c). An increment in 
{x + c) is tbo same as an increment in a?, viz. Sx, 
i.^, S ^ +^c) = Sx. • 

Hence , » 

Jsin (x + c) (lx = 5§in (x + c) d (x -f c) 

^ -,cos {x + c). I 

Combining I"", T and ^3^ 

Ja sin {bx + (') dx ■-=- a . {bx H- c) 

^ cos fbx + c)i 
To take another example ® 




log, .a 

^ al 
log.rt* 

And ai) other 

Jlogj,,^ dc -= S(loffi„« X log,.j:) dx 

"= log,,^Slog,a:(ij; 

because logjge is a constant 

= fogioC {x log,® - x) 

= ® Iog,„e log,® - X logi„e 
= ® Ipg, ® - ® log^oe. 

4°. The iNTEGUAti of a Sum is the sum of the 

c 

corresponding integrals. Thus 

+ 9a; + 2) dx ^x‘^dx^+ 3\xdx + 25^4, 
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• . * 

5°. TbansformatioA of ‘‘ iNTwaitAND". — Consider 
the following cases : — 

(1) 5(rc + lydx = 5(rr- -f 2 j7 + Vjtdx 

• == ^xHx + 2\xdx + \dx* 

= +*2 •*' -I- 7! 

' ‘■1 

• ~ J-P" + 3x‘). 

This may also be done as follows by B"" : — 

Ka: + 1)- dx - d ix + 1) 

= J (f + 1)'* 

^ i + 3;i;- + 3;/; + 1). ^ 

Observe that thes6 two integrals of the same ex- 
pression differ by a ct)nstaiit, viz. J. This does not 
matter as they are mdcfinila, 

(2) Jsin- xdx — J.l (1 ^ cos 2.7;) dx 
.1 \dx - 4* S 2xdx 

— .V \dx - cos 2x d (2x) 

.i .r ~ J sin 2ir 

- - .5 (x* - cos X sin x). 

6®^ Partial Fractions. — To integrate 


1 


I 


we may write 

1 - X^ ‘ J - X’ ^ 1 + X 


( 1 ) 


Then 






X 

dx 

hTT 


- ^ log (a: - 1) + /log {x + 1)* = log' 

® ^ X X 
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To effect the transformation»(l), write 

—1 _ = _ 4_ + ^ 

• 1 - .T“ 1 - X i + X 

' -1 * • 

where A and 13 ar^ lyidotermined doefficipnts”. 

Multiply up by ir - x\ then • 

1 - A (1 + ir) + 13 (1 -r re) / . . (2) 

f Putting ^ 1, 1 = 2A, and A = 1. * 

Puttiri" X ™ 1, and 13 

Or we may “ equate the coefTicients ” on the two 
sides. Thus (2) is f 

1 A q- 13 + (A - .B) a;. 

Hence I - A + B,' O = A - B, 

whence, as liefon^, A -- B === .]* 

43. — T ransformation of I ndependent Variable. 
*— iThis is the most useful method for reducing to 
standard form, and depends upon the “ function of a 
function ” formula, if y depends upon z and z de- 
pends u|)on .7), have (J? 27, 4'^) 
dff (lif d. 

dr dr. ’ dx 

Suppose we have an expression in z which we 
wish to integrate, say, 



Then our integral is 

7 / \v^dz. 

But we may not be able to intcgi'ate this and so 
find 7/. We may th^n usg'^our formula which gives 
us the slope of y with resx)cct to andvhei; variable x ; 
for we have*' * ' * * ' c 
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that is to say an integt’ation in terms of x instead of 
z ; and this new integral wo may he al)l (3 to find. 

Suppose we wish to intpgrato 


standard integrals). 
We want then* 


- 


(oiiepf our 


1 




I’ut z — sin -x. The 

> 1 . 


/I 

I 

1 - sin- X 


cos X dx 
cos X dx 


1 — dx - \dx - .r. 
J cos X J 


(Note that when integic'iting with respect to x we 
must put everything in terms of x,) 

But we want our integral in terms of z : we have 
then 

integral x •-= sin-^ z. 

The general formula may hfj written 

^!hdz = jy. dx, 

and therefore it comes to replacing 

dz 
dx 

^f'his is in reality only the*formula for a small varia- 
tion^ 

dx 

It will be asked hov^ we arrive at the particular 
transformation • 

2 » sin i. 


dz by - dx. 
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How do we know this will enable us to perform 
the integration? We do not know. tVe can only 
make trials of likely tmnsformations until we arrive 
at the right one. ^ But a *iittle experience will soon 
put us upon the rjght track. It may be remarked 
that a radical like ^ 

. rr 

may be reduced by putting z ^ sin £c, and similarly 
for c ‘ ‘ 

J'J + 1 we put z = tan x % 
r Jz- - 1 we put z = sec x$> 

The formula may often be applied from the op- 
posite point of view, i.e. wc* can regard our original 
integral as having the loiin 

and put it into the lorm 


Examples 

(1) 

I 

note that 
So we have 


log ,T dx : 
X ^ 

d log X 

dx 


Jlog If Jlog » — ^dx 

^ =’ Jl^g • dlogx = i (log x) 

(by standard integral No^. !).♦ 

sin x^ dx^^ jjsih x^ : 2xdx * c 
i ' {2xdx 

* ** (j^da? 

' ' r COS a* 
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• • 

(by standard integral No. 3). 

* (3) ftan xdx = f?i2 

J J COS X 


(r- sin xd^ = S cos .r) 



cos X 
cos X 


- log cos X 

• 1 

• »*l°gcoV» = 


(by« standard integral No. 2 : this is No. 5). 

§ 44. integration by Parts. — This method de- 
pends upon the product formula in dilferentiatiou 
(§ 27, 2^). 


(lx 


dy^ 

y-^ dx 


d!/, 

dx 


EearrangiUj^ 

dy-i ^ dy^y.^ _ dy, 
dx dx dx" 

Now integrate both sides of this equation. 

. ly.'^^dx^y.y.-^y/^dx 

[which may also be written (see last %) 

S?/i%-i = my-i - Sy-Ah^' 

To take an example consider 

\x cos X dx ; 

cos X is the differential coeffiqjent ol sin x. So we have 

Jo; cos X dx ^ \x ^ ^ dx 

-dx 

• dx 

= X sin X - Ssin x ^ dx 
^ dx 

^ X sin%; — Jsin*® dx 

« a? ^ x + cos *. • ’ 

'The original iategral is put in J^ermfi^jof another 
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which can be integrated. This method is useful 
when we have x (or a?®, etc.) multipfying an in- 
tegrable expression. The formula may be applied 
several times. Thus to inflograte , 

Jx- cos X dx d sin a; 

sin^a? - Jsin *x dx^ 

— X- sin ^ - Jsln x , 2 x dxf 
^ X‘‘ spi X - 2 \x sin x dx 
= ^Tiin X - 2 ( - X cos x + sin x) 

— x^ sin X + 2x cos a; - 2 sjn a;. 

4 

Another examj^lc is 

Slog a* 

hen'(i we tak(', * 

//, - log a*, //o -= X 

tiien 5 log X dJi' — - x log x • ' Ja; . d log x 

I t 

— X log X ~ \x , - dx 

X 

— X log X — \dx 
X log X - X. 

I 

Exkikusks Gc. 


Evaluate the following integrals, hints being given 
in many cases as to the method to adopt : — 

1 2. /' 3. /■ . “'--prfar.sub- 

JJ2x+5 Jx‘+L 


stilutMig - =- +1. 4. ^ working by par- 

tial fractioua. 5. [• i dz, working by 

J (a: + 1) (2 j?- 1)« , 

partial ‘fraoti6ns. ' 6. |'^_^-_,vputttng x = ♦ t«n 0. 
7. r 8. by partial frac- 
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tions. 9./^^ ^ \0. putting 

11. f putting z == ir-. 12. / 

Jx^-l ^ • • J Jr' - .v'‘^ 

13. ^in^xdx. 14. 5cos-(M.z; + i). •15. Jsin“iCco:i.rdc. 

,ir ^ • 

10. / cos- irr/jj. 17. ir sin Mv/.r, by })?irts. 

18. Ja; sin cos .rrZ./-, by parts. 19. j ./r 'dr^ by pai^s. 
20. {xsec^xdx. 21. putting x ^ tan d 

, . , * -j-dv /• ' .wAc 

fractions. 24. / ,. 2.). / ,, 

„ ^/1 - ./•- 1 + j;-'- 


26. r 27 r * 28. j V( * “ V/r 

i, - i' .',,1 + cos >'ll .(..rr-’’ 

by putting tr = cos d and simplifying. 

29. f^ _ ^ puttings- (2., -1) 30. JtanW.r. 


• ANSWER? TO EXEROISES. 

Mxr.HCJSES Ga. • 

\. ^ + X. 2. -^ + rtir. 3. H- ^ -1- cx, 

— 3 ^ 1 -7 sill 'A.r 

4.2^/*. 5. .^^^. 4 ,- 6..r^-2 1og.r. 

B A 

8. tan X ^ X, 9. ~-sinm.T - --(;osm,r. 

vt m m 


10. * tan"*^ ax. 


Exercises Gr. 


1. 21. 2. 1. .3. 381 


(f 4. 0. 


5. 1. 6. 653-5. 


1. J 8. J. 9. I- iq, infiniiy,-.* 
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Exerciseb(6o. 


1. } log (2a! - 4). 2, + 6) 

-• 4 o 6 ( 2 «- 1 ,. 6 .,, 7 . 

8( 4 108* + ^. ^,9.‘jog(. - 

'“■“^Td+A 

X* 1 * 

13. k X - sill 2iP. 14. ^ sin 2(na; + 6). 
15. 16, 17, sin a; - a? cos a:. 

18. 19, a(a!.- a)^ 


20. X tan a?+log cos x, 21. -J tan“^a?+4^ + V^) 

22. ;i(a! - 2) Vi +T 23. tan-* a;. 

24. 1. 25. V2 - 1. 26. log (2 + V.3). 27. 1. 

28. sin-'a- + 7(1- a-). 29. - 

30. tan X - X, 



chapt:^ VII, 

APPLICATIONS AND DEVRLOTMKNTS OF INTEGlV- 

TfON? • 

§ 45.*--We will uow consider some of the simpler 
problems in #engineering work in which integration 
arises. We wish here again to ein])hasizo the fact 
that all integration is* a matter of practice and ex- 
perience, and in some problems we may get expres- 



Fio. 54. 

sioQS to integrate that cannot worje out without 
very great tioulile. When such an integration occurs 
we^can alwaytf get^a result which 'will be approxi- 
mately correct by plottmg against 4ihe vc^aWe the 
expression that wisn to integrate, and finding the * 
(141) 
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area of the resulting figure Wy plan i meter or other- 
wise (Chapter I). 

46. Work done ip Engine Cylinder. — Suppose 
that we have a sttjam or other heat-engine in which “ 
gas or vapour is acl;nittecl at constant pressure 
to a*j)oint B wlierb it is^ cut off (Fig. 54). Tt then 
oy)aniis to a ])oint C, a^id is then exhausted at 
constant pressure. ^ 

Taking unit area of*piston, the pressure represents 
tlui force on the j)iston and the volume represents the 
position in the stroke from the l)eginning. We have 
shown already (p. Iff) that the work done is equal 
to the area of the diagram ot* force plotted against 
distance. 

< 

•.•.work done ^ areaAlKJD 

- iircfi(AJ^F() + rJ50I? - 6 dCE) 

^ Ih'^h + f 


Now in TMOst gas(^s the ex})ansion can be expressed 
by the law =- constant k. 




= k\v ~ an — ^ 

J -W.+ 1 

kv ^ pv 
fl - «) V" (i - n)' 

<«7iy 

t ’ « f. 

Adiabatic Exi*ansjon. — I n this case n, in the 
- ,^uation pv'" = k is y, the '"htio between the specific 
^heats at constant^.pressure and volume respectively. 
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... -_.m. 

• J (y - 1) 

work done = aim ABGD 

- PiOi - pti'i + ^ 


- Pl'Ol - pp'i + 


y i* , 

TsothkrmMj Exi*\nsio\. — I n this cjiso 7i is 1, i.n. 

pn =--■ /j, ^ p.,v.y • 

Onr expression Ukmi heeonies ^ which 

(w.- i) 0 

is iiuleterminate. 

Wc must therefore f,^o hack the integral which 
gives 


Jn 




/.* l()‘r c. 


r = k (log,. 7',. - log, 7',) - k log 


Th*c quantity i- commonly calk'd r, ihe I’atio 


of expansion. 


p/'3 

I pdv 

J pi 


1: log,.r - p,.-| log, r. 


work done — area AliCJI) 


= 7’i''i + 7'i’a log. r - 
Pi^’i log,.r (since = p>v.^. 

§ 47. Mean YalueSi—PSct the diagnnn represent 
a vai yiyg quantity . Construct a rcctanyle JJBTS 
having ihe same area as that under the curve, JIhen 

* Because the logarithm quotient is log, dividend - log. 
divisor. * *• 
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OSt the height of the rectangle, is the mean value of 
y between the limits 0 and B, ^ 
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Let OB = a ; then the area OBKT 


'L ~ j* ydx. 


Hence 


If" 

the mean mine of y = | ydx, 

a)„ 

•If // — the mean value, then ay ■= [ ydx. 
Examples — 

1°. TJife mean value of sin r between x ^ 0 and 

= TT 

f sin r dfo- ^ f - cos 
•Ja / I 


In the last article 46 ) Rie rfiean pre*ssift’e of 

the fluid*between A and C Vill be — 2 ^ a»ud 

^ “ 1 ) 
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• • I 

between B ai^ C will l*e .. 

(r, - r,) {« - 1) 

S 4H Centres of Gravjty.-j-FiBST Moments. — 
Taking two co-oxlinate axes OX.^OY m a plane, 
sappcno that paiticlos of iiiatt(*r ?« ., m ^ . . . aie 
situated at the points Tj, ... 



Then the fiist inoinont of th( paitK I(» vi^ about *tho 
axis OX 19 • 

and the fiist momon» of the systf m m„ . . 

is thf sum of th( lust moiiKMits of the paiticles taken 
separately, 

first moment of system about OX 

= 7/l^7/, 4- 4 

Similarly for the liist moment about any other 
lino, for example about OY^vvc have 

ni^i i- ^2^2 + 4- . . . 

OENTPtfj of*Gjiavij^. — S uppose how that* the 
whole mass • 

M — Wj 4- + • • • 

k concentrated at* a point G, sucl^ that*^he first % 
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moraents of M at G about -QX and about OY are 
equal respectively to the first moments of the system 
about OX and about OY. If the co-ordinates of G 
are (.r, y), then , 

. Mic = m^Xl + . . . (abouli OY) 

and My = + ‘nKy.^ -\- nt.^y.,, + . . . (about OX). 

' Then it can he proved tn>at the fir hi moment of M 
at G and the first nwpii^ii of the system^ about any 
otker axis are also equal. So that as far as first 
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moments are concurnod, the whole mass mey be sup- 
posed concentrated at its centre of gravity. 

In particular the moment of the system about any 
axis through G is zero. 
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[laxample : the centre of gravity of a mass of 2 lb. 
at A and a mass of I lb. is on AB and divides 
it so thalt‘2AGt~,GB.] 
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• • i 

§ 49. Continuous •Bodies. — Continuous bodieis 
may be supposed to be divided up into a large 
number of small parts as in f^’ig. 58, each of which 
may bo treated im a particle. If we call each* part 
Sm (rfh ‘‘element of mass then.tho co-ordinates of 
the centre of gravity may bt^deierriiintid as before by 
the equations ^ 

Mx — 4- .t ./iHi + . . . 

My y^^m + '1' ... 

approxift3ati‘ly, or by • 

•M.r — l.rdni, My lydm. 

In sonic elei non tary^as(*s the position of G may 
be inferred from symmetry. Thus foi* uniform plates 





in the shapes of a square, par,ill(?logram, or a 
circle, it is clear that the centi’o of the ligure is also 
llu'. centre of gravity. • 

Again takoji ui*iform triangular 2)late ABC ; divide 
’tupjnk) thin ipds aitfch ag PQSK tparallel tb the 
base JBG. Then the median AD bisects e^ch^rod,- 
and hence passes througti the centre of gravity of 
each rod. Hence tiie triangle may^ b^ replUfted by a 
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number of particles placed djlong AD, and G must 
lie in AD. Similarly G must lie in eacfi of the two 
other medians and must therefore be their point of 
intersection. Anjl hence G is a point on DA, one- 
third of the way along it. 

CiiiNTiioins. — In dealing with areas we often want 
to<-iind the canirold, i.e. tlxp point in the area which 
would b(i the centre of , 5 ^rayity of a uniform plate of 
the same shape as tlu^’ai-ea. In this case we proceed 
exactly as heCoi'e, r(*placirig mass b}^ ai*ea ini the ex- 
pressions. In this case the formulie bepome 
A.r A?/ — [uda 

where A = total area of body 
da -= eleiuciit of area. 


c 



50. Examples. — We wdll now take a few cases 
of centres of gravity and centroids in which integra- 
tion is useful. fl 

I"". A Unifokm Skmicirccjlau Plate. — ^In the 
figure (Fig. 60) it is cleai; tLat G must lie upon the 
symmetrical radius 00. ' ^ 

Lef 0G'r= y\ and suppose' .we cjit semicircle 
into «;ods such as PQBB, parallel to the base AB. 
Let y = OT and let th'Vadius be a. Then the 
thicyifnes^ bf a r^d is and its length 
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TQ =. J{OQ‘^ OT^) = Va" - y\ 

Its mass = 2p Ja- - ?/■* . Bi/, whore p = the mass 
of unit area. The first inomct\t al)oiit Ai) 

Ju' - >/-^// j ij. 

ninoo 

~ s^<*“ - '/'/'/ 

/> V**r.'r ^ 

J / o 

''1 " '' 'd, 

"I* ~ 

- /»J (" ^ 1 / ) d (a - y') 

- n (0 - ; 1/ J 
i /'«'• 

But M = /) , } TTcr. 



Flo# 61. 


Hence • • 

Ob = V = J ■ .3^- 

2'. A Pauabola. — Consider next the parabola 
* This is an example ot ^le method ^v^atned hi ^ 43^ ^ 
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= 4 ax, and take the area ,, between the curve and 
the axis of x. t 

Area of curve = 


^ydx = J 2 ak 


a^xidx 




o 


a * f X 'd 

o 


Now = TI. , 


4 


Area of curve — "" BH. 

« 3 

hirst iTionKiiit about OV ^y'l/d.v ~ a'^^xldx 

2 a j* .rulx 


, , 2 r. 

2 (t* . . ./•- 


- t ijan. 


t B- FT 3 

distance of centroid from OY — A> ,wi- = 4^. 

« nBH 5 

To tind the distances of the ctmtroid from OX, note 
that the centroid of each strip is at its in iddlo ’point. 
Hence the first moment all)Out OX 


= I' ** . i]d.r = ip 4 aj> 


fU 

2 a I xdx -T 2 a 


'd/X 

— aB-. 


distance of centroid from OX 


aB- ^aBc^ 3 IP ^ 3n 
■“ 2H‘ '211 * it: hJ"* 

SuRFAcJfes OB EEVOLVTiON!^'-Tha f 611 owitig^rules 
wittf* regard to surfaces of revolution (i.e. suilaces 
generated by. revolving a pkne curve about an axis), 
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§60] 

commonly known as ^the Theorems oTf Pappite," 
follow directAy from the consideration of centroids. 

1. M!he volume of a aurface of revolution is equal 
to the area of the surface^ inufXiplicd by the leihgth of 
the path of its centroid. 



2. s^fdce of^ surface of revolution (s equal 
to ike length oj the generdting arc multiplied J)y the 
length of the path of its •centroid. 

S'*. A Uniform Eight Circular CoiFB.-;-In our 
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gefteral discussion, we considered only flat plates. 
The extension to solid bodies is easy,tbut here we 
must consider first moments not about axes but about 
planer. ' <• 

Let OV bo the oncis of the cone, V Ibeing the vertex 
and Jet any distancf? measured along the axis VS = z. 
Cut the cone into slice!* such as PSB of thickness 
parallel to the base xVi3C. Then the centre of 
gravity (S) of each plpitfe* lies on the axis VO; and 
hence the centre of gravity G of the cone lies on VO. 

Suppose then the mai^s of each plate to be con- 
centrated at its centre of gravity, and trfke moments 
about a plane through V parallel to the base. 

If ~ radius of base, 
h -= h(3ight OV,, 

• p — mass per unit volume (density), ^ 
then 


the radius of a plate -- Sli — OC 


VS 

VO 


z 



the area of tlie plate 



its mass -- tt ^ , z'^Szp, 


/. The first moment 


- ?;|y* - v.g ■ 4* - T 

And the mass of the cone c 

= area of base hei^t x ‘density ** 

8=** J ira^ .h,p== 

o 
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The second moment of a particle at P about a 
•plane is similarly • ♦ 

where z is the perpendiculAr distanqo of P from the 
plane. ^ ^ , 

The second moment of a system bf particles is the 
sum of the second mornents of the particles taken 
scjiarately. This applies^ equally to a continuous 
solid body which caritbd ^apposed sub-divided into 
a large number of small parts each of which Jis to be 
treated as a particle. ^ 

The polar vwmemi of inertia €)f a loheel, of radius 
a and mass M (tlio mass of the spokes and axle being 
neglected) is ch'arly Ma-, every point bf the rim 
being at the same distance from the axis. 

'Moment of iNEirriA of an Auea. — A ltljough an 
area has no mass and can therefore strictly have no 
inertia, the second moment of an area, i.e. the sum 
of the products of each element of area by the square 
of its^ distance from a line or axis, is of great import- 
ance in a number of problems upon beams and shafts 
and is usually called the numient of inertia of the 
area. All the properties that we prove for masses 
apply equally well to areas. 

Eadtus of Cjykation. — I n the same way that in 
considering first momeiV*s of bodies or areas we can 
regard the whole area as concentrated at a point 
called the centre of gravit^’^ c centroid, we can also 
in dealing with moments of inertia regard the whole 
area a^i concentrated at a po^t whicli^we gall the 
secon^oid which will defend upon *1the axis tSken. 
Then the 'distance of this point from the axis or line 
^about why 2 ji moments have t>een taken is called the 
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52] 

m % 

radius of gyration aj^ut the axis and is given Ithe 
letter k. The value df k can be found only by the 
relation 

• M/r or Ak'^^^ I 

i?e. k = V J- or *\/ 

^1 A 

The first form is used for^olid bodi(Js and the se^nd 
for areas. • ^ 

The radius of gyi ation is a very important quantity 
and comes into a very largii number of problems in 
constructiohal desig^i as well as in prolilems dealing* 
with rotating and viVating bodies. 

§ o2. Two Properties of Second Nloments, — 

V. (a) Considci- the second moments of a system : — 



(1) about an axis OX, 

lx == . . . 

= * 

('where 5 means the sum of terms like *'). 

(2) about a perpcndioular axis OY 

. = WjiTj,- + Vl,jXf + . . . 

^ • • • == • • 

(3) about their pointy of intersection O,, 

J == + . . . 

= Smr^. 
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Then 

-•,2 = X,-’ + y^\ r./ = .a:/ + ‘ 

and 


‘ J — = bim (x^ +, ?/-) 

— + mi/-) I 

» = iimx^ + Ix + ly- 

find kp are tfie radii of fjyratioij alx)ut 
ox!, OY and O icspectively wo have J - 
lx = MAjx** and ly — M/»V^ * Arp^ = kx^ + k^\ 
Similarly it is ])roved that , 

Thn second moment ahoht an at is {called also polar 
^second moment in the case of a plane aiea) is equal 
to the sum of the second miAnenis about any two 
licrpcndiciilar planes intersecting in the axis, 

(b) Next consider tihrco pei j)cndicular axes : — 



Fia. 67. 


OX, horizontal in tl^ planQ ox the paper. 

OY, horizontal perpendicular to the plane of the paper. 

OZ, vefticaWn the plane pf th#^peii • • ^ 

Let* ^ 

Ip = second momenf»about O 
Iz secqnd moments about OX, OY, OZ 
• (respectively) ^ ^ ^ • 
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m % 

A, B, G = second moments about the plalies 

• Yofe, ZOX, XOY (respectively). 

Then clearly 

Ix =* B +^C, Tv =®C + A, Iz = A + 13% 

lUcan also be proved that • • 

Ip - A +«B + C - 1 (rx^+ Fv + I/) • 

^ “f" k\" *4? k/,^), 

2°. Paiullkl Axks . — \ 

% 

T ^ the moment of inerfla of»a jilate about any axis 
AB in jts plane, , 



I,. = the moment of inertia about a f)arallel axis 
A'B' through its centre of gravity G, * 

^ d= perpendicular distance of G from AD, 

M = mass of plate, 

then 

For (see Fig. 68) and let P N ‘ ;.y^ and P- :== y„ ; 

P^N == yi and P’-^N = yj' 

I ^w/r 

^ 'ni'fyi + df + 77i.(l/,/ + df+ . . . 

= Sm(y/^ + 2 %/ + 

*= + 2 Sw<^?// 

'= ^dSijii^' + d^Sm 

/ 2 ci(.t)* + M 

' « I + Md^ 

♦This is 0 becausBthe sum is the first momcn^of the system 
about an axis throuj^h the centre o& ^roiAty which is 0 (§ 48^ 

V 1 ^ 6 ). . * 
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J^ote . — The perpendicular rs considered positive 
when drawn ujnoards^ so th&t (in the figure) PgN 
is positive, while P^N is ne^^ative, and always 
JHx = ?/i' + ‘f- 

Exactly the same formula expresses the moment 
of inertia of a solid body about any axis in terms of 
a all el axis through the cemtre of gravity. 

Similarly for areas we, have 

T kcLK 

Corresponding to this we have for solids 

M/r - M/r.;- + Md^ 

and for anias 

Afr - Mv ^'Ad'^^ 

i3oth these give 

+ dK 

It will thus b(5 seen clearly that the radius of 
gyration is a Lenulk and the formula comes the 
same for solid bodies as for areas. 

Tld dimansions of momants of inertia . — Many 
students find considerable diiliculty in getting clear 
ideas up)on moments of inertia ; this is, we think, 
largely because they cannot form a concrete idea of 
what dimensions the quantity is. In the case of 
areas the moment of inertia is of the order area x 
(length)*** = (length) ‘ and it is not easy to get a concrete 
idea of this dimension ; ki the case of solids it is of 
the order mass x (length)*^ and this again is not a 
familiar dimension though iii is much easier to con- 
ceive. When difficulty of this kind experienced it 
is best to regard 4ihe mom^ent Oteinertjia as some^new 
idea a^nd not to attempt to form a concrete idea of 
it as being of the dimension (Jpngth).'* 

g 53. Iijiportant Moments of Inertia. 
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§53] 

1**. Uniform Rod.— through th^ centre •j^r- 
fendicular to the ro^Z.-Aljet the length be /, and the 
mass M. Subdivide the rod into small lengths 
PQ = Sjc, X being OP, ^ ^ 


• 

y 


K 

• 



O ’ P (J B 


• 


y' 


Fki. 09. , 


The nfiiss per unit length 

M 
P ■“ 




dx. 


Hence the mass of PQ 

b 

I = Moment of inertia ~ 2 j - 

" r j; 

2M . /Z\3 _ M/- 


M 


dx. 


[The integral gives the moment of inei tia of one 
half, OB, of the rod : this is why it is doubled. ) 

Moment of iijfrtia about axis through A j^arpendi- 
cular tP the rod. ^ « 

make use of 2° in th^ last §. 

I = L + 
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y. Uniform Eeotak^oolar Plate.— L et the mass 
= M aud ihe sides be of lahgth B and H. • 



ly . 

Vin. 70. 

I 

Divulc tho rectangle into rorls such as PQ of 
thickness dij, parallel to X'X, being OK. 

Then the mass of a rod = . dy, 

• id " 

And M. 1. (monieiit of inertia) about X'X *= Ix 



“12 ■ 


In fact (ibis is really the same case as that of tho 
rod. 


The M. I. aliout Y'Y - ly ^ . And by § 52, 1“ 

• 

the polar M. I. about axis through 0 perpendicular 
to the rectangle 

= sum of M. I.’s abc3pt XXt and Y'Y 

Similarly for the rectangular area we have, since 
the area A ~ BH corresponds^ to . 


§ 53 ] 
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Fi«. 71. 

Let M •-= mass. , 

• R s=* radius. 

Then J (polar moment of inertia) about the axis is 

J - MK“. 

This is the same clearly as the M. I. about its 
centre O. 

To find the M, I, about a%iamctcr. 

We have (S 62, I"") 

J == lx + ly 

(OX and OY being perpendicular) 

• , = 2 I. about OX) 

]4. I. abott OX = 

Using 62, 2*", • 

M. I. about a tcmgen^BT 

« i MR2 MR2 5 «R2, 

• • 11 
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i*. Uniform CmaiJfcAB Plate. — Let the radius 

= R. / 

I’o find the M. I. about an axis through the centre 
O perpendicular to tho^ plate, divide the plate up into 
thin circular stripS" as 'shown in the figuie. , 



lf,r = radius OP ot any strip, and dr = its thick- 
ness PQ, 

Then its mass — density x length x thickness 


dJ 


X '■Itrr X dr 


‘JM 

K- 


rdr. 


2M , 

IF 


r- == 


2M 


dr. 


M. I. ol plate - I r'^'dr , 
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§53] 

To find the M. I. about^ diameter *Fig. 72 ,|We 
have as in S’* (by g 52X1®) 



/. M. I. about diameter ~ I 
And a^ain 

M. I. about tangent (by ij 52, 2®) 

= i MR- + ;« MB“. 

For a circular area we shall have about thS dia- 
metgr • 

4 

04 

whore D is the diameter. « 

The value of the moment of inertia of a circle 
ai)OUt its diameter may also bo obtained at much 
greater length as followaij the student should com- 
{iiete it as bjcl e:0ercise. 

Bafdtring to«Fig. 7^ • * 
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Nqw let 0 6e the anglt^Setween the normal y and the 
radius R. / 

' Then h 2 K sin B 

o ?/ = dos 0 

/ . I /> . . ?/“ I W conjO . 2 R sin ^ ( - Riiin B)dB 

* J O J ir / 

2 , * * 
ir 

- 2 RM 

•lo 


Calling the integral B 


wo have B — j j* sin6^ cos^)“d^ 

IT 

s= I J siii-^ 2B dO 

n 

^ i f ( I - COP 4 

^ o 


• — ^ sin 

TT 

"" 10 

wlience I =• '2 2R' . ^ 
lb 

• 4 

as before. » , 

^ The reader will find that *ho cair 'avoid ‘a^great 
RUal •of ifitegration by the judicious use of the pro- 
positions given in § 52 which are pftori applicable to 
* symmetrical bodie?. , 
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5®. Sphere. — A similar m^hod applies to a dhi- 
form sphere which is subdivided into spherical shells, 
We find , . ’ 

M. I. •about diameter == V iVlK- 
• M. I. about tau'^ent line == I MR- 
6°. Uniform Gyi:«indkr. — Lot the lenj^th be 2L*iJid 
the radius be R. To find 1. al)out axes. 

Take three perpeudicul^ixes : — • 



Fia. 74. 


0=:, the axis of the cylinder, Or, O//, t\w axes at 
right angles through the centre porjiendicular to the 
axis, Fig. 74. 

Tlieu using the notation of 62, I 
A - B ["mV by V 

fo» this comes to taking the M. I. of a circular 
pi ate about a diameter] ^ 

and CJ= ^ ML‘'^1)y I'' similarly, 

^se hjva at onc^ • ^ • • 

M. I. about axis OZt = I, = J MR^’ 
and M. I. alxiiJi^OX = I,, = B + 0 

• - 1 MR-' +*4.ML2 • 
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V , Parabolic SBoa/fiRT.— ^ferring to Eig. 61, 


Second moment about OY = j xhjdx = ^2a^x^dx 

o T o ^ 2 n» 

^ 2a X ^ \ 2 a , X \ 

, Jo L 7 Jo 




/JY - - 
or /ly == 


- f aV . I Ii.n 

: B»TI / 


s jar* 

v/fB. 


If tli(‘ second moment is required about the base 
XZ, we 2)rocccd as follows ; — 


Toy 

Icc 


? JPH. 
7 

lov 
2 


A . a- 


_ ^ . BII . 

7 3 25 


Ix;? =" Icc 4- Adj-^ 


=-. HB:' 




_ (150 - 12G + 56\ _ 

_iUi- — -j - 

= 1®. HB^. 

105 


IIB» . 


JO 

525 


§ 54. Product Moments. — If dm is an element 
of mass at distances x, % from two perpendicular axes 

the quantity \xydm is called the product moment 

. r 

which in the case of areas becomes | xyda. This 

^ntity Bears iSome resemblance to * tBe moiSnent of 
ra^^a and is useful in sqme more advanced pro- 
ims in connexion with beams vjbose sections have 
'^ho axis of synsiaictiyy. 
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It follows at once tlmt th^roduct moment al|^ut 
an axis of symmetry A xeio because corresponding 
to every point on one s^e of such axis there is a 

another point on the other side whose ordhlate is 

s a 

equs^ to it numerically but opposite in sign. 

§ 65. Centre of Pressure and Load Poinf |b). 

— In the case of bodi(»s suTijt-cted to fluid pietjsure 

such as darns, sluices, dNrk-gates, etc., and tlfbso 

* • 



subjected to a nnifoimly varying stress such as beam 
sections, we require to find the centre of j)* ensure, i.e. 
the point L at which a single foitn equal to tho total 
pressure or stress upon the^body ni»i\ act to ketip it 
in equilibrium. 

In the case of stiessej L is often cabled tho load 
p )int, Tho dej^th of the ceutie ot pressure is usually 
meadunad from^the lino XX of zero pressure or stress 
whicL is ^he water line in \he case of fluid pressure 
and the neutral axis in The case of beams. 

Beferring to llg. 76, if da is an elemeiit of arecb 
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sityiated around the p^mt P, since the intensity of 
pressure or stress is proportional to the depth below 
XS, the intensity of pressure at P = pp = p . ^ where 
p is serrao constant, which in the cas^ of fluid pressure 
is equal to the wef^ht*bf unit volume of the fluid and 
in|ihe case of stresses is the intensity of stress at 
uiiij^' distance from the nbutral axis. ^ 

the force on element ^ area = dQ = pp . da 
* = pyda. 

/. total force on bod^y — Q - ^frifda * 

=- f}\yda 

•■= p X first moment about XX 

~ f) , A , d — Apd . . . (IJ 

= ar(ja x intensity of pi’cssure or stress at centroid. 

Now take moments about the line XX. 

r 

Moment of foi ce on element = pp . yda 

= py- da, 

total moment about XX = \py'da ~ p\, 

.*.»if h is the depth of the centre of pressure 


ii.h 

« 

i.c. h 


^ . Ph^ 
Q P . Ad 


Ir 

Ad ' ^ ’ 


( 2 ) 


second monumt uf area about XX 
first moment of area about XX^’ 


In some cases ^it is more convenient to find the 
distance § between the centroid and ,tlie centre of 
pressure. We then use the relation *(see p. 15?) 



§ 56] CEKTRE OF FRESSTTfiE 

Equation (2) then becom^ 


kd 


L 

Ad 

T, 

\d 

/.V 

d * 


+ • 

Ad 
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(3) 


In flomn prol)l(Mii.s on jtress distiibution wo aro 
given tho ]|psition of the load point and I’eqiiirn to^ 
find the distance d from the centroid to the neutral 
axis : we ^len use th?) relation 



In suoh^ problems e is called the eccentricity of the 
load. 

Considering the application to stresse^s wc notice 
that as e, the eccentricity, diminishes, d gets fonger, 
i.e.^the neutral axis gets farther away and as a*result , 
of this the difterenee between the maximum and 
minimum stresses JIl and EF will diriiinish, the 
stresses ultimately becoming uniform across the 
section as L coincides with G. The neutral axis can 
then be regardijd as at an infinite distance away; 
this will be seen mathemaKcally by making e very 
small in equation (4j, because kf is a linite quantity 
and a finite quantity w^jen divided by a very small 
»|uantity gives ^ very gi-eat quantity. 

Special Cases of Centra of Pressure.— 

1. Bectcmgular Surface Extending up to the ^Vater 
Line, — Referring to p.^f70 if 11 is the depth below the 
water line and B the breadth 



170 CAtiCtrtitJS FOB ENGINBBlttS fCH. Vll. 


Bll* ^ 

I, = ^ , A = BH /.nd d 


H 

2‘ 


v./* = *,UWBn^ = §‘ 

t r 

Therefore iii docV gates, dims, etc., the centra of 
piflsuK* acts at - dtx)<h fiom the watei line 

Similarly lu lomlorccd concicteieetaugulair beams 


W 


T 


d 


< 


Jlj 

e 

nr 

G 

'L 


\ 

H 

J 


Fio 7G 

# 

the resulting compressioh sticss is at \ distance from 
the ueutial axis to th( compression edge 

2. UettanqulafStnJace ,t]nti7ely below the Water 

Line — A;^j^,for a lectanglo — [see^. 160],^ 

. W * 

^ in this case e - 

^ It will be no^d that e diminishes as d increases ^ 
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or that the centre of pro^re or load point bets 
nearer to the centroidV)f the section as the depip of 
the Tipper portion of tl|o area below the waterline 

• IT 

incT^ascs. In the limiting* in which d = 

^ n . , H ^ IT /2H 

^ ~ 6» ^ ^ 9 6 ~ 3 * agreemg^with 

the previous cas( as, ol^o^ise, it should. 

3 . Circular Surjaet Kniiiely Below the Water 

* • ttD* 

Line . — I for a circle about its diarnetei = [p. 163J. g 




D* 

1() 


in this case e =• 


1 )^ 

ibd* 


This will be less than lor a square surface of side 
equal to D. 

§ 57. (M) Friction on Footstep Bearings. — 
Flat Bearing . — Wo will now consider the appli- 
cation ot integration to calculate the power absorbed 
in footstep bcai ings, Tig 77. In the case ot the flat 
bearing we will assume that the pressure is uni- 
lormly distributed over the whole beai ing 


„ load W 

intensity of pi-'ssj^c = y; = — = 

.* pressure on an elemental y iiiig ot width dr situated 
at a distance r trom the centie 

s:. X area t>f ring = p x 27 rrdr 

/^fricfiqn on ring = /xdW = fyi . 27 rrdr. 
inomenl ot triction*on ring about centrg 
• « dMf == /itd^V . r = ^TTfipr^dr* 
z. moment of friStion Sn whole suiface al^nt centre^ 
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§ 57 ] 

work lost in friction per St^ond if n is the number 
of revolutions per secljnd = 27rwM, (by the ruleihat 
work per second = 27ni^ x moment of force) aifa K 
is in inches • 


47r/AWE» . 

o mch-lb. 

o • 


f(0 


• 47rAAVRw 1 ,. 

.••Horse-power abs«.^ed = ^ ^ 

/tW ftwi 


1075 


(2) 


Collar Bearinfj . — In this case referring to Fig. 78 
we get by exactly similar reasoTiing 


= 27r/x2J 


__ (R,« - R.,«) 

• “ f‘( 

The area in this case = tt - R*/) 

W 

-p - «■ (E;i! -■ R.>*) 

_ (E •< - B,/) 

3 r (e;- u./) 

2/*^ (lii - E,.) (eV' + E,R, f R*) 

= '3 (R,-- E;r(E,"-)-"E,) 

2mW (R/'^ + E,Ba -t- K/) 

3 (R| + E«) 

Horse-power absorbed, 

yaW (EjS -f R,R. -1- B/)n 
= 1575 (El + Eg) ~ • • • 

In the case where the'oollar is very small and E, 
and Eg become practically equal, each say equal 
toBT *• • ' 


( 3 ) 


(4) 
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Conical Bearing, — Refornri^ to Fig. 79^ tho normal 
pressure p if assumec^ constant will be such |bat 




p X area of cone ~ and area of ccmc -= OX 
sin ti 

X circumference ot base 

^V 

n X ttR x**pX =. — ■ 

^ ^ s»il a 

„ R W 
i.e. ® X ttR X -- = . 

^ • sm a sin a 


This i» independent of the angle ofthecon%and 
is the same as foathe flat pivot. 
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pressiire on ring == p x 27rr AB. 

( ^ ^irydr 

I sin a 

friction on AB acting at right angles to the paper 

^Trrdr 
= fJLj) X — 

^ V sin a 

moment about centre line 

= dU, = 

sin It 

total moment of friction about the centre line 


\/r iinr-dr 

sin a Jo 


fJL , p , 'ZTT 


. w 


sin a . 3 

^ /t . \V . Jtt ^ 

TT . 3 sin a 

o sm a 

. •. Horse- power absorbed = 

‘ 9900 sin a 


( 5 ) 

( 6 ) 


For a truncated cone of maximum and minimum 
radii Ej, B., res 2 )ectively, we get 

sin a Jk 


sin a \ 3 

3^r(Bj‘^ - B,,/) sin a 
;. d\V(B,- + E,4 + B./ ) 
3 sin a (Bj + 'By) 


( 7 ) 
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. •. Horse-power absorbed ^ . 

_ /A W . -h I 

9900 sii^ a (K, + R,) * * ^ 4 

When a == 90“^ this gives, as we should oxptfct, the 
sam^ result as for the collar beft;ni%. 

Schiele'.H PivoL- -In the ]«iivots considered ifjp^to 
the present the wear will bb greatest at the outside 
because the velocity is gfc jitest there, thus causftig 
considerable uneven ness hi*W(«ir.* 

Schiele’s pivot is made of such a shajx^ that the 
wear is theoi-eticaJly equal erpial pi essure be as- 
sumed as belbi e. 

Wc. will now deteriwirie the sha]>e of the curve 
which will give this result. 

Consider an elementary strip (Kig. 80) of the bear- 
ing. Thy load on the strip will be the })ro[) 0 ]’tion of 
\V cariied by a circular ring of thickiuiss AC ~ dr, 

fioad = ^lirr , dr, ^ 

where A is the hoi izonta.l projection of the area 5ver 
whicfi the wciglit i.-* cariied. 

Assuming that the p)-essure is constant afid equal 
to p we have 

p X AI3 . 2 TT?’ sin 0 . 27rrdr 

•i 

As in the case of the conic^il pivot we shall have 
moment of friction on clement 

• ^ sin 0 

* » • 

ThG<i8rmal War ac of the»pivot at any strip, in the 

direction of p, will bo pro^)ortional to the wftrk 5one 
against the friction^ if A^ is the same for qach strip, 
12 



178 


CALCULUS FOR ENGINBERS [CH. VII. 


because the friction i^ the force resisting wear ; so 
tha(. work done in wear ='fri(^tion force x distance 
thr<»ugh which it is moved. ^ 



Now ah is the vci’tical wt^ar and if ar is perpendi- 
cular to be wc have 


. ac 
sin 0 '-^11 , 


AD 


r 

ah Ai) 
r. ah 


• ac 

Now work done against fiiction per t.eco,nd 

t ^ t 

=» jj. p ,v fjj) 27 ^r 7 ^?' 


ac is pioportipnal to this, i.e,' 
ac = k.jULp.Qir r.v- 



ROOT MJiAN SQUARE 
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where h == some constant aijd since, ft and n are 
assumed constant we 4 na 5 ' write ^ 


a(\ ^ K. r 
r. ah 


AD - 


I?r 


•ah 

if the verticiil wear ah c/ the pivot is cJonstan* the 
length AD is constant * • • 

The; curve FAE th(3rofore is such a curve that its 
tangent AD is of constant length. 

This curve is called the tractrix (see p. 

58. (Ej The RcJOt Mean Square. —Tt will he 
readily seen that the mean value of sin x between 
the limits .r — 0 and x — ^tt is^zoi o, for in the graph 
the areti#bolow the .cc-axis is equal to the area above* it. 
In many cases a quantity has the same effeet whethei' 
it is positive or negative, and in sucli cases on(3 might 
add on the negative areas as if they wore positive and 
find the mean as before. This would be convenient 
enough graphically, but would make the integration 
a little trying, fn some cases, however-, it j^s the mean 
of the square of a quantity that is important, and 
here no question of negative values arises, since a 
square is essentially positive. 

The heat generated b/^ electr ic current is pro- 
portional to the square of the current. 

Heat generated per second C‘^E, 
where (?•= current 

R = resistance. * 

If*C varies the heat gerferated in time t is 

w = = Bj'ov/t. 
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In this case it is the jiquare of the current that we 
are ioncerned with, and if wtv knew the mean value 
ofCh , 

. Mean C“ = K, 

then the heat gencilated would be . 

I 

Suppose C is the con^ant current that generates 
the raine amount of heat ki the time t. 

Thou • * ' 

W = KG-< = Kj'c-dt, 

f and , 

c - j'cpdt 

which is called the root mean square current^ is what 
is important for us to know, especially in the case of 
alternating currents. ' 

Foi’ example, suppose an altci'nating current to be 
given by 

0 ~ sin 

then ' the root mean squai e over one complete 


period lo . 






(3 LT iot=2v X 

= ‘U ^ - pos (ot sin w/]o y 

c ^ (see § 42, S'' (2) .) 


, 1 
V2 


c 





BOOT MEAN SQUARE 
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GiurHiCAti Method. — Graphically tfie roofc mean 
square could be deterngined by constructing the graph 
of O'* from a knowledge! of Q and then proceodimg as 
before, but there is a better method. • 

Instead of determining the position of a point P 
(Fig. 81) by means of its reotangular co-ordinatfe (jc, y) 



we may use the jndcir co-ordinatos 
r - OP, 0 - xdP, 

9 

A relation between r and 0 will determine a 
curve as before, for example the curve (a*part of it) 

r — A) 

is shown in Pig. 81. To trace this curve we njeasuro 
along the radius OP correift)onding to each angle 0, 
a length given by the equation (A). 

The “Area of the CpBVE,’’ i.e. of the sector GAP 
(Pig. 82) is nov*considere^ as the sum of the triangles 
OA:^,*OPiPj,pP 2 P 3 , • • 4 approximately. • 

Now OP = r, OQ = r + Sr, POQ = §0 ; mo the 
area of the triangle , 
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OrQ = i 9P . OQ sin POQ 
' • ' ^ (see Introduction.) 

f, = 4 r . (r + ^r) sin 6^ 

' = J r . r . 8^ (approx.) 

Taking; this jis the approximate area of an ele- 
mentary sector POQ, wb get artia of whole sector 



To find the root mean hqua^(^ of 0, suppose; we now 
draw a curve (Pig. 82a), taVhig t as the angle AOP 
(in radians) and (7 as tlie radius OP. 

Then tlJe area ,A0P = C^dt. 

Hence tUe root mean syiare = the square root of 
iv^icc the area AOP divided by L 



FLOW OF WATF.B 
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§59] 

59. (C) Problems on t^Je Flow of Water. — 

A number of probloms^upon the flow of water intro- 
duce the operation of integration. • 



Fkk H2a. 


FliOW OVER A REf TANCJULAU NoTC’Tf OR WeIR. — 
(Consider an olenu'ntarj strij) of water at depth h 
(Fig. 83) below the surface. This will posi^jss a 



Fiofs*?. 


Aolocity due. to falling a height h, 
i.e. 

flow o£ wiJter through element per scconjd = Q 
X afea of strij) x velocity, whore *(3^ is a constant 
called thfe coefficient of discharge ^ 

elementary flow * 
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= dQ ~ Crf X Ai'OH of strip x velocity 

^^cl.BclkWWlh 

= J2g.G,.}ilikUi 

fH 

total %\v fl-= Q = 1 Jig > C>,^hHh ^ 

\ = V2i/.G,BrW 

Jo , 

= .U%0 „p|a 5 I” 

“ i ]„ . BH Jigtl. 

TRfANOUiiVn Notoh cIr Wicik. — I n this case 
(h’ig. 84) we liav(‘ as before. 



Fid. Sb 

« 

(iq - . (b . hiMh. 

Now h —,2(11 “ /O lari 0 

(iq -= . C,, . 2 tan /> (11 - h)h^(ih 

f ii 

- li^)dh 

= 72 £^ (5, . 2 Ian 0 . [ j; ll/tS - | 

= - 2 ta^ Jl5 

' “ 15 ^ . • 

or = C, BH . . (2^ 

Time io 4 EECTANGUbAR Tank with a 



FLOW OP WATEB 


Small Orifice. — Let the area of the 5rifice be a 
(Fig. 85) and that of tl:]||) t^nk [in plan] be A. 



Fm.U5. 

Let the hiad of water at any instant be k and let 
its surface descend through a distance dk in an ele- 
ment of tfme dt Then velocity of How through 
orifice. • 

-y ~ 

flow through ofifice in time dt 
— 0,/ X area of orifice x velocity x dt 
== 0,, . a J'^gh . dt t 

but the flow through the orilico must be equal to the 
diminution of volume in the tank, i.e. Kdk 
• *. ^dlif 0,^ Of ^'^gh dt ^ 

Mk 

' ~\j%j.G„.a hi 

time required to empty tank ^ t 


f(, 

•a. 

dh 


J H 

'/0.« 

a ' hr 


\ 




• , 


f k-^ 

dh 

s/^f/ • 

*0 

. aJ H 


A • 



r 

7 . a 

. a 

L 

Jh 


« J)lg . C,, . o> L 
_‘_2A jm . 

.G^.a (•'G, ^ 
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Fin. 86. 



§ 61 ] 


ENERGY OF FLYWHEEL 
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Tf the tank is of a different shape the fbethod will 
be the same but the area A will not be a constant, 
and so the integration ^ill bo rather more compli- 
cated. ^ * • 

§ ,60. (M) Kinetic Energy Stored in a Fly- 
wheel. — Consider an elomeipt dH. of area situated at 
a pointy P (Pig. 86) in the c#oss section of a flywliccl 
rotating at n revolutions for second. t ^ 
Then if p is the density *of Jihe material [weight of 
unit volume] the mass of the ring of which da is the 
section will be equal to • 


(iM — * ^Trrda 

•(/ “ 1/ 
and is has a velocity 27r?*w 

kinetic energy of element r/l<] ~ mass x 

velocity‘‘» 

-J- . {2wrny^ 

™ 27r‘“W-dM 


total K. K. of flywhe,(;l == Fj 27r*‘-Vj^*“VZM 
but jr'VZM is what we have called the j)ol((r mmmmt 
of inertia of the flywheel = J 

K. E. - 2'ir-n- J . . . ♦ (1) 

It is common to express tliis in terms of , the 
angular velocity which is equal to 'ilirn 

then K. E. — . . . (2j 

If k is the polar radius oT^gyration of thr* llywlicol, 


J = MA;2 


WF 

.7 


Jihefflv. E. = _ 


k'SSfu^k'^ 


(?) 


S 61. tC) The Deflecjtions of Beams.— Jt tSfen be 
shown that in a«bcant the relation holds that the 
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slope 6 of tlie beam at any point is given when such 
slope is small by the relafion^ 


tan 6 


( 1 ) 


where M = the bAiditig moment at any point • 

. E -- Young’s Modulus 

I M. I. of cro^ section about neutral axis. 
an4 the d&flcction y of theM^eam is given by 

y - j tall 0 (2) 


To got the defl(iction therefore from thb* bend- 
ing moment we have to integrate t\yce; this is 
written 



As a simple exar/iplo of this take the case of a 
beam of span I simply supported at the tnds and 
carrying a uniformly distributed load of p units per 
unit length (Eig. 87). 



R-ft! 87. 


Consider any point P along the beam. 

The forces acti^ to tluj right are an upward re- 

, pi t 

action pqual to ^ at the end B and a dqWnwa^'d force 

px acting at the centre of the length PJ3. c 
moment of forc/^s to thr right of B 
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bending moment at M = 


= I (te 




/. from ( 1 ) tan 0 = I 

i° " KI 


if and I aro constaftt 9 

“•“» -Iff -?■)■+■«; • • • (5) 

Now from symmetry the ?ilope of the beam is zero 
at the centrt^ where ;r - 

" ii V H " ?.4) + 


El tan 0 = 


plr' p.r^ 


.•^from equation ( 2 ) 


El . ?/ = f El tan 0 . <h. 

f/tf OF' P\ , 
= ?’)l4 - 6 - 24 
/Ix^ £r* Px\ 
\12 ■■ 24 ■■ 2 'lf 


. . (7) 


Now ^ = 0 at the end where .t = 0 C.j = 0 


Thd maximum deflection 8 occuts at the centre 

I • ^ 

where b 



190 


CALCULUS FOB ENGTNBKHS [CH. VII. 


ET . 8 


pi /P 

°*24*U 


16 


2 




'A X 

• 2>U 

“ ^ X 24 ^ 

" 8A4~ 


5) 


8 


im Ki 


(9) 


< • 

The minus sign iiulicil'tes that the defh^ction is 
downwards. ^ 

The d(ifl(?ctions of beams lof-df^d and supported in 
various other inaimers are obtained in a similar way 
and will he found iiv the various text-books dealing 
with the subject. ^ 


FjXeucises 7. 

f 

1. ^Show that the centroid of a quadrant of the 

4ci 4/^ ^ 

ellipse -- I is at distances — u^nd — from 

^ a - Jtt Jtt 

the axes. 

2. A triangle has its vertex at the surface of a 
liquid and has its base horizontal. If k is the height 
of the triangle, find the d<*^ith of its centre of pressure. 

3. The pressure of one pound of saturated steam 
at 347° F. is 130 lb. per sq. in., and the volume is 
3*44 cub. ft*. Find the wOxX done in an adiabatic 
expansionwhich dcfublesthh* volume, y = 1‘135. (M.) 

4. Find the work done in sudden^y^ (X)mpj[’essing 

one pound^of drj^ air originally at 32'* F. to Jflis of 
its oiiginal volume. Use thq, equations PV 53T8 T 
(abs) and constant^ 
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P = pressure in lbs. per sq. ft. • 

V — Volume in cu. ft. o * 

Thus got the temperatu'l^e after ex})ansion and apply 

the formula : wo^-k done - • ^M.)^ 

5. * A certain volume of air is drawn into a cylinder 

at a pressin e 120 11). per Ksp in., and is expjin^lcd 
isothermally until the voliftne is 6 times as gieat. 
Find the mean pressure during inlet and dixpansion. 
(M.) . > 

6. Find the moan pressure under the conditions 

of the previous question if the ex})ansion is adiabatic 
taking y = 1-408. (M.) 

7. Find tfee area inclndcxl betw»ien the axis of x 
and the curve 9// of [x + 3), x and 7 / htung in 
incJjes. 

8. Find the co-ordinates of the centroid of the area 

included between the curve 1 / — , , and the 

0 ‘ rr + 

axis of X. 

9. Find the centroid of the area inclinh'd betwee^n 


one semi-undulation of the cui-ve ?/ — 0 sin 




ail'd the 


axis,of X. 

10. Find the centroid of ^he circular spandril formed 
by the quadrant of a circle of radius r and thv tangents 
at its extremities. 

11. A trapezium of depth k has one side a of its 
parallel sides a, b, in the surface* ol a liquid. Prove 
that the depth of the centre of pressure is 

Y(a^'2 b ) ' 

12. Find the radius of gyration of a uniform cir- 
t'.ilar disk of radius r a^iit an axis normal to its 


)>lane passing tJirough a jjoint on its circumference. 
(C.) a-' •• 

13. A bending moment diagram of a beajm o&^span 
I is made up of a triangle of heiglft \jith apex at^ 
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the centre und a parabola, extending from the right- 
hand end to the centre;' oj height Find the 

position of the centroid of the diagram. (C.) ' 

14. Vh(i moment of inertia of a channel section 
about its base is Ib’G^d inch units, and tlie centroid 
is 1*185 inches from tl^e base. Jf the area of the 
section is 5*219 sq. in., 6nd the moment of inertia 
and radiuj of gyration aiDout a h‘tie through the 
centroid parallel to the b?se. (C.) 

15. If the root irioati square value of an alternat- 

ing electric current is ten amperes, what,, is the 
maximum value ? (E.) * 

16. What will be the arerufje value Qf the cun*ent 
in one semi-alternation in tlui i)revious exercise? 

(K) , . 

17. Find by means of tbe theorem ol Pappus the 
distance from th(^ clixnietei* of tb(‘. centroid of (a) the 
surface of a hemis 2 )herc, (b) a solid hemispljcrf*. 

18. A rectangular Ixiani 12 ft. long, 1 ft. deep and 
5 in. wide rests on su])ports at its ends. What 
uniformly distributed load will cause a deflection 
equa\ to of its span. ~ 1*8 x 1(P lb. per 
sq. i;i. ((1) 

J9. A cast-iron pipe of JH in. internal diarAeter 
and J ill. tliick, rests on supports 40 feet ajiart. 
Find tlie Inaximura bending stress at the centre when 


the pipe is full of water. Take weight of cast iron 
= 450 lb. per cub. ft. and of water 62*3 lb. pei* cub. ft, 
(C.) 

20. The resilience or ^wvirk done in bending of a 


beam is given 


, fL M-W.r 
Jo 2Et 


where E and I are con- 


stant. If M = as is the case for uni- 

formly* distributed loading, 'find the resilience! jG,) 
21. The entropy of a substance is defined by 

where Q is the he^t absorbed and T is the 
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absolute temperature. If the specific heat*of water is 
taken as 1, the entropy a^oVb freezing point is 

find the entropy of one pound of water at 300® F.7761® 
F. absolute). (M ) ^ 

22. If the specific heat of superheated steam is 
•48, find the entropy of a po^jnd of steam at 300” F 
superheated to 390^ F. The latent heat h at tins 
temperature (300® F.) may be taken as 9Q3 so that 
the foimula for the entiopj^ becomes 


^ \ m + m + *18 


dT 

T 


It is ^ during the evapoiatioii pciiod, because T is 


constant and JdQ ~ L? (M ) 

23. A vertical shaft i inches m diameter turns on 
a flat pivot. The weight ot the shaft with its vaiious 
fittings is 2500 lb. It ^ — -08 and the speed is IdO 
revolutiofia per min., find the horse-power used m 
friction by the pivot. (E ) (M ) 

24. In the above question find the horsc-pnwer 
lost if the pivot were a cone fiustum, the cone lyigle 
being 60® and the least diameter 1\ inches (R, M ) 

2cK Will the work absoi bed m friction in a Schiele 
pivot be less than or uioie than that of a truncated cone 
of the same outer radius, the half angle of cone being 
45” and the angle of the tangent to tracti ix at the 
longer radius being 45®? The radius of the small 
end of the conical pivot may be taken as ore half 
the large radius. (E, M.)^ 

26. Two tanks whose surface aieas A are equal 

to each other have a difference in watei level ot H 
and are connected by a small orifice O. below the 
level of the water in eithes and of aiea a. If be 
the coefficiejit eff discharge, find the time from the 
openi^^ of th^ orifice un{|jil the level in th5 two 
tanks is equal (note that the change in head is^wice 
therise oi^ fall). (C.) • ^ ^ 

27. A large rectangular orifice of breadth b and « 
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depth h is placed ia the side a tank. If H is the head 
of water above the tof) of the orifice show that the 

flow is Q = lhC„ J-2g 'iJl/- h)' - H?}. 

‘28. JTind tho time tb empty a rectangular chamber 
120 ft. square coii^airyiig 10 ft. depth of water, which 
is allowed to How* out through a rectangular orifice 
2 Qu *hy L ft., the Uq) ofc which is level with the floor 
of tho chamboi, take = *62. (C.) ^ 

39. A tUiiik 10 ft. sqiiifre and 10 ft. deep has a 
circular orifice d inches fn^ diameter in the bottom. 
If the tank is tilled and the water turned off, how 
long will it take to cmqit^ taking (J,, = *62? (C.) 

dO. A heniispheiicT.1 cistern is 20 ft. in diameter, 
and it is full of water. Ilow many minutes will it 
take to low'd* the deptli of ^he \vater 6 ft., if the 
water escapes through a d inch diameter sharji- 
edgod hole in tht» bottom of tin* cistern. Take tin* 
coelHeient of disehafge as '60. (0.) 

dl. Calculate the discharge through a angular 
notch, the height of the still water surface above the 
bottom being 15*5 inches ; take *60 as the cooflicient. 

d2. A tube of length 2r, closed at both ends and 
full*of liquid, levolvon in a hoiizontal plain* aho^ut an 
axis, at j*ight angl(*8 to and bisecting its own axis. 
Provo th^it tb(' intensity of jnessurc on its end will 

be w^here lo is the weight per unit volume of 

2 ^ ^ 

the liquid and w is the angular velocity. (C.) 

dd. A cantilever is fixed hoi izontally at one end and 
is free at the other (»nd, \he length being Z. Assuming 

that the deflections // are given bv '{ = and 
' rt.r- vA 


M at a distance affrom th%) free end is Wj?, find the 
deflection at the free end. (C.) • * 

34.* I iKiich problems, the quantity Jy-dr* ic used 
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35. The following integration also occars in prob- 
lems on parabolic arcljes*! (L-j - 2Lx'* + .iy^)dx. 
Evaluate it. (C.) 


ANSWEES TO 4^]XEKCISER. 


PjXeuAsks 7. 


2. . 3. 42200 ft.-lb. 4. 79S0 ft.-lb. 

5. 55*8 lb. per sq. in. 6, 45*4 lb. ])(‘r sq. in. 

7. -TSsq.in.'s.O,!. 'Y* 10. 12. 

13. from the right-hand end. 14. 1 6*316 

16 • 

inch units, k =- 1*01 in. 15. 14*14 amperes. 

1 6. 9*0 1 amperes. 1 7. (a) Surface 47rr- = ai*c x jmth 

2 }' 4?* 

of centroid — 7rr x 27r./* .*. = , (6) . 

TT OTT 

18. 4800 lb. 19, 2640 lb. per sq. in. 20, 


21. log. 
+ -48 loi 


493 

851 


- 1()7. 23. -SO. 24. 1-32. 


25. Schiele = /iWK, J2 at^d conical which 

is less. 26. t - ^ . 28. 3 his. 7 min. 

Cda ^/2rf 

nearly. 29. 25 min. iiejitiv. 30, 37 min. 19 sec. 

31. 4*#>7 cub.*^. per secofid. 33, 34. • . 

“ a) (1 + 5 a-* + 3 a'*). 

oO, ■ I 

iA • 



CHAPTER Vlir. 

" PAllTIAL DIFFERENTIATION. 

§ 62. Several Independent Variables. — A physical 
quantity may depend upon several other qulwitities 
which are independent of each oilier, instead of de- 
pending upon one only. For instance, the volume v 
of a given mass of a perfect gas is connected with 
the pressure p and the (absolute) temperature $ in 
the following way : — 

pv = R(9, 

where R is a constant. So 

< - E - 

1 ^ 

The temperature and pressure may here bee ad- 
justed independently of each other. We might vary 
the temperature 6 alone, keeping the pressure con- 
stant; then the rate of change of volume with 
temperature would be got by differentiating equa- 
tion (2), 

'dv R 
r 7; ' 

Or again 'we might keeg^e? constant and vary the 
pressure ; the rate of change of the wluipe with the 
pressure would he ,/ t * 

¥ “ ~ / '■ r 

. ( 196 ) 

- • 


(J) 

( 2 ) 
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When a quantity z depends jipon two qtiantities x 
wnd y, then the rate of rh(Aige of z with respect to x 
when y is supposed to\emaip constant is called a 

partial differential coefficient, •It 4 s written (pi’o- 

nounccd day z over day x), • 

To take another example, ^suppose 

z = + 3.r?/ ^ iff + + 1* 

then • • • 

- = 4ic H* 3?/ + 2 


'bz 

57 . =. 3 - + 


Or again let 


- V 
X- + y- 


X 1 

X X - + 7 /‘- 


Higheb Difpebentiad Coefficients. — We can as 
before find the slope of the slope with respect to x, 
i.e. for the first of the abojfo examples 

b'^z b * • 

b^^ ^ bx + 2) - 4 (a constant). 

And similarly 

But wj have in this^case another seoQnd#®rder 
slope, viz. the slo^e vjith regard to y of the slope 
with regard to a?, 
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S'2 0 /32\ 3 „ 

S7y3.r = (>) - a| + 31 / + 2 ) ^ 3 . 

^nd also , ^ 

_ ,Vf.)-.-(3«+'2vl -3. 

w^?// o.r 

],t \vill ])f3 noted that in this case 
da‘d7/' 

T kin is ahrcnjs iKe *:a^e^for ordinary laics. For 
our second example ^ 

o • 

s — taii"^ ^ 

X / 

we have i 

^=- - 7/ X ( - 1) (/- + 7/-)-- X 2 jr =: 

0“^ i> 


2 .r// 


!./• 4-rr 

- 2 .x*// 


dxdlj 


_ ~ ^ _ ■" 2 -^7/ 

I)//- y U'- + //•’/ « 

^ ( ^’ \ _ 

""^.T \X'“ + 7/“/ (:7;- + l/f 

_ C^*“ + 7/^) - a* . 2 a; _ //- - .T- 

(x'- + 7/)^", 

Dt/ 'bx St/ + y^f' 


§ 63. Differentials ar.d Small Variations. — 
Smali;, Vakiations. — To rejiurn to orffe ofi our earliest 
examples]!^ suppose x repi^esents the distance cbvered 
a"Thot6r-car at a given instant and t /epresents 
j'the time t^ken in covering this distance. The speed 
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dx . • 

is . : so the distance covered in a small interval of 
dt • 


time following 5^ will iJb 

• dx ^ , 


J „ 

approximately; this is not*oxact because -- i^the 

« • dt 

speed at the heginning of the interval and the 
speed is varying, hut if H *s small the variation 
in the^speed will likewise; be small, and hence the 
error will be negligible. * 

To bo mdre precise, let ns suppose that the car is 
moving with a spoodiof 40' ])er second and has a 
unilorm acceleiation of V ])ei* second per second; 
let the interval of tiiTie U ~ second. Then the 
quantity which approxiinat(;s to the distance covered 

U 40' X ^ 4'. 

a “small quantity 15ut the average speed ^uring 
the interval is 40 per second, and the exact dis- 
tance covered is 


40 1 X 4 ’ 


The error made is therefore i.e. only of 
4', and this we call a “ small (juantity of second 
order The propoi tional error is still less if we take 
a shorter intei val, say ^ecoTid. In this case 

^^'84==40'x ,;„ = 0-4'. 

The average speed is 40^, and the exact distance 
covered 40oi7«)' is now 

only'flcVrj ofT)-4'. • 

T/ius \n general the uariation of any qitantlfy y in 
terms of x may bt taktn as * 
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when is small, and the snfaller Sx is the closer is 
the apjA'oximation, 

These small varfat’cfns 

• . . 

' X = variation in x 

t 

j « 

^ = variation in y corresponding, 

are generally called dij^ereMials, 

Thus if 

y - 

the differential of y is 

% = 

We obtain small variations similarly when the 
dependent quantity varies with several others. The 
relation between pressure, volume and temperature 
for a given mass of perfect gas is 
0 

^ V R - (see § 62). 

A'srariation in o when 0 varies, p being constant, is 
, 8,;v 80 ; 

and a variation in v when p varies, 0 being constant is 


Total Variation. — What will be the variation in 
V in the last, example when b^th 0 and p vary ? The 
answer is that insdhad of sitpposing 0 and p to vary 
simultaneously, we can suppose that varies first to 
its new value 0*-{- B0, p bfeing constaht, and that p 
then %rids to its new value p + Sp, 0 remaining 
^nstant at, 0 + iO, Then the sum of these two 
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variations' is the total variation in v. The first varia- 
tion in V is • 

\ R 

The second variation in v, i.e. ^ith the temperature 
at ^ + SOj will be very neatly what it would be^ at 0 
(becamse is small). Thus 

^ R (0 +*m , Rt/*, 

StV = - - y ‘ - yi^. 

FisAlly the total variation is 

, hv = + hev 

c)t? ^ 

*- S« " + Jp 



Fot. 88. 

very nearly, neglecting small quantities of second 
order. 

In general if z depends upon x and y, 

^ ^ * 'bz ^ 

Le^ us *ta|ce a simple, case to see more clq,arly the 
kincf of erroi? we are neglecting. * The area of a* 
rectangle whose sides are x and ^ is • . 

* z ^ xy 




t 
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Then according to our work, 

Ds *3^ * 

3j; ^ 

Now is really fchc increase in the area of the 
rectangle when the^id5 AD increases by DD' = Sx, 
and the side AB *incr(^ises by BB' = S^. The 
quantity is the area D^/QC, while ccS'// is BpPB'. 
So the qiuAitity negleoted is here the area CQEP, 
and this is small compared** with the total increase 
in 


Exercises 8. 

r 


1. ff 7/ .r"//"', find and 

. •>// 

2. If = (.T + 7/)“, show that == i 


3. If r — + //-, find Jiud 

4. if n/r- + 2//..r// + btr + 2f/.r + 2/// 4* C - O is 
the gfineral equation to the s(‘.ries of curves known as 


(Iff 

(Ixj 


“ conics ” find the slope of the tangent ^i.( 

5. Calculate the difference for one ’minute in a 
table of log^„ sines in the neighbourhood of 45", 


Proceed as follows * y = log,,, sin .r, hx 


TT rZ log I (, sin a; ^ ' 


60 X 180 


dx 


2-3x60x 180 


d loi'ij.sina; 
dx 

d log^ sin X 
dx 


6. The height of a tower I , calculated by measur- 

ing a length of 10(f ft. fronriF <the base and measuring 
the an^le of elevation which comes iJo 30'\ If the 
error iri thS angle be one gninute, find ‘the ei*r©r in 
the caii£ipuj;ed height. t 

7. In a tangept gal\ tno^ineter the current is 
proportioiyilr to the tangent of*^ the “inclination of the 
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needle. Find the portion of the scale where the pro- 
portional error in the curient* due to a given error of 
reading is least. \ 

8. The height of a cliff /s calculated bv finding 

that a stone tak*es 3 seconds ^ reach the bottom. Tf 
the error in timing is ,V, seconj^, what will be the 
error in the calculated heiglit ? • 

9. Jf 10 is the weight of ^ body in air and is its 
weight immersed in watA-, the specific giavity of the 

body is given by ^ weight in water is 

correct and that in air has^i small error c, what will be 
the resulting error in the calculated spt^cific gravity? 

JO. Tak6» the same probhim as bfifore l)ut take 
each measurement ai$ liable to errors e„ and re- 
spev tivelj* If //’ = 120*5 grin, and = 110*9 grin., 
e,. ^ 3 mg. and e,,, •-= 4 mg. find the total possible 
percentage error in the oalcuktlion. 

« 

ANSWERS TO EXERCISES. 


Exbkoises 8. 


1, 7ti/ 3i ^ . 

r r 

5. *000126. , 6. *47 m. 7, 45 . 

9. — ^ v>. 10. *07 per cent. 

{^Lo - 'wy ^ 


_ ax H- hy + tj 
kx + hy +/• 
8. about 10 ft. 



CHAPfEE IX. 
DIPFEBEUH^lL' equations. 


§ 64. Some Examples.*— A diHerential equation 
•is a relation between a variable quantity and one or 
more of its differential coefficients. 

1°. The current C in a circuit whose resHstance is 

B and whose inductance is L satisfies the relation 

€ 

EG+L‘?S=V 

dt 


where V is the potential difference at the hv’O ex- 
tremities. 

Thjs is a differential equation of first order, since 


dCj 

the first differential coefficient only occurs in it. 
^ (it 


The independent quantity is the time t. I'he potential 
V we may suppose known and it then has an expres- 
sion in terms of t. The coefficients B and L are 
simply constants. • 

2®. The acceleration of a body falling freely is 
given by • 


. = flf =s 32 in ft..sec. units *■ 

. / , 

^berem is ^he distance through which the body has 
.fallen in time t. This is a differential equation of 


( 204 ), 
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second order. It will be noted that neither x nor %- 
• ^ dt 

occur in this equation.! 

3®. Suppose ,a point moves in a straight line 
so that it always has an* acceleration towards 
a point in this line proportional* to its distance from 
the pqint. Then its accele^'ation * 

d^x 


dt^ 


§- h X 


where^A; is a constant. 

4®. To take a more gene!*al case, suppose the parti- 
cle is urge^ towards the point with another given 
periodic force = sin pf (period = 27 r/p, mass = w), 
and that there is also a resistance proportional to the 

( dx\ • 

to -jiY Then the mass x acgeleration =* 

acting force ; 

(lx 

mb sin pt - wp 


d^x , 

^ --.IT ~ ~ 


dt 


or 


d-^x . dx . , . . 

dt-^ ^ dt 


If the righ!-hand side is absent, this is the relation 
satisfied by a damped harvwnic vibration. With the 
right-hand side it is a damped forced harmonii. vibra- 
tion, » 

To solve a differential equation means to find an 
expression for the dependent quantity which satisfies 
it. We do not proposed* tb give a systematic discus- 
sion of mfetlvi&s, but wo will give the solutions for 

♦ .9 i '* 

one or two important cases. 

In tlA same vay ms in the case of Int^ration, 
there is »o dirM mbthod of solving ^^dififerentiitl 
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equation, w6 can only solve it by reducing it to some 
standard form of which the colution can be recognized. 

§ 65. Solutions. — The sofation of a differential 
cquA,tion. involves an itiiogration. Take the equation 

‘ dt^ ' * 

This expresses that the velocity of a particle is 
proportional to the square 6f the time, and we want 
to find an ex 2 )ression, fo^* thc^idisplaceinent. 

Evidently 

X — h \thU \ k + C. 

This is the law for some value of C. «» 

t 

To determine this value W(‘. Jiave an initial condi- 
tion : for example, initially x 1'. Putting ^ ~ 0, 
a; = 1 we get 

1 - 0 + C 

which determines G : 

0 - 1 . 

Hcjice X = J k + 1. 

1^'.^ (lil) Tak(i next a simple case of 1“ G4), namely 

the case where V — 0 ; this means that the M.M.F. is 
cut out of a circuit which is then left to itself. 


We rt3COgnizo at once that the law is exponential,^ 
and as a matter ortact it is • 




as cah^)e Teadily vei ified by «ubstituting, fas' 
. • * 1 See p. 63? • 
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_ . ® -”c 

f i * ho 5 

Here C„ is the value of C whuii ^ ~ 0. 

When V is a constant, tl^e sol&tion of the ec^uation 
quoted above is « ’ 

• , R Y 

C = I'e'l.t + 

• * 

whore K is some constant. V^crify this by substitu- 
tion.}* For example if Fj.AI.F. equal to V is 
suddenly applied to a circuit in which thol•(^ is 
initially no current, then = 0 when i ~ 0 ; lumce 

■ 0 - K X 1 + ^ or K -= - ^ 

iind tho formula for C is 

G ( 1 c 

Note that the second term c"!/ soon becomes very 
small, so that C quickly approaches its limiting value, 
. • V 

VIZ. 

ii”, Wc take next the ecpiation 
dir 

At once, on integrati’i^, ^ 

+ A. 

where A is a constant. uBuppose iiiitiidly the velocity 

(^^wnwa/jjls) — u\ fhen ^ 

j u ^ 0 A or k u 

i , . * 

di = \ 


and 
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Integrate kgain 

^ — 9 • + B, 

where B is a constant. Bu]Spose that we measure 
distince^ from the starting-point of tbe body ; then 
X £- O^when ^ == 0, 
so that 0 

0-0 + 04- B, B-0, 

and we gef finally the familiar formula for the dis- 
placement of a body moving ,with a constant ac- 
celeration (/, 

or — w//+ 

Simple Haumonic Motion. — (M/ We take 
next ^ 


d^x 
dt 0 

whore we have written for 1 c, 
Note that 


0 


d sin t 
dt 


cos t 


and 


sin i 
dt^ 


- sin t . 


So that /ihe second differential coefficient of sin t is 
sin t reversed in sign. This also applies to cos t . 
This gives us a clue to a solution ; 

X = sin mt 
or X = cos 9 ^t^ 

would both do. If wo combine them putting in con- 
stants as coefficients, we get 

a; — A sin + 'B cos ms (1) 

and by si4>stitution we can easily vWify th^t this 
satisfies the equation. ♦ • • 

Let ^8 fe.ke a specific esse.® ^ • 

e A point^moves with an accdleraKon fur towards a 
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point 0, startinf^ at rest from an initial* distance d, 
where x is the distance an^’ time t. Then 

when ^ = 0, x d and = 0 
dt 

(i.e. velocity is ^ero). Siibstiintc#in (I.), 
d =-- A sin vi.O cos tn.O 
^ or fZ == 0 + 13 . 1 • 

*i.e. B = d. 

Now diflerentiate Q) < 

dr. 

V,* — Xm cos yd — Bni sin mt. 

Suhstitutfpg th(i initial vaUuis 

0 =- ^\m . I - Ihy^ . 0 
wlience Am -= 0 or A - 0 
and finally ^ 

X — d cos mt 

— - dm sin mi. 
dt, 

This IS a cascoF simple harmonic motion (j^ 16). 
In this equatioTi x ^ d when mt = 0 and jyrain 
equSils d when mt 2?! 


is the time period between two successive identical 
positions or in the case of oscillation is the lime of 
a double swing. ^ 

The most convenient form of this Jesuit is 

Vhorce at lirMt distance 
and will bei understood fi;om the following : — ^ 

^ acceleratfon (a) 

m .Jtl ^ 


\ dt- 
when X 


l^a t- m^ 
14 
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(we take x - 1, not x ^ + 1, so that the acceler- 
ation towards the origin rpay be positive) 

m 

mass 
force 

1 


also - 


m 


Mass 


' Force to cause unit displacement 
Euler’s^ Formula for Long Struts and 
Columns. — (4). (C) Althou^ the strength of columns 
has no apparent connexion with simple harmonic 
motion, it is as a matter o'! fact derived from the same 
form of differential equation. / 

Beferririg to Fig. 89, supprse that a strut is so 
long that the direct stress when deflected is negli- 
gible compared with the stress due to bending. 

Now suppose that for some reason or .other the 
column becomes slightly deflected (the deflection 
is shown exaggerated in the figure) ; then the bend- 
ing moment at any point Q will be equal to 

= P . 7 / (1) 

For a beam with a small deflection wo may write 
d“y _ M _ _ Py 
di-i ~ “El Eh 


ie ^y=. - 

• El 


( 2 ) 


Putting ~ this is* the same general equation as 

El 

that we have just consider d and the general solution 
is ‘ 


y \ sin mx + B cos m x 


( 3 ) 


^he sign is minus because a counter clockwise moment 
across ^he section, i.e. a F^sitivxs monjent, gives^a negative 

' value of causes the slope to decrease. 

ax* t • t- 
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Now we see from the figure that y has the same 
value for equal positive^ aiM negative values of x, and 



Fio.«89. 


as sin m x will bcoome fiogative wjien x is negative 
while cos m X unchanged, A must be 
. • .V ?/ cos m 
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Also when x = ± - , w = 0. 

2 »■ 

, 0 == B cos 

' * 2 


(3)' 


The smallest angle whose cosine is 0 is 90° or ^ 


**)nL 


TT 

2 


i.e. 7)1 =' 


I 


or — 
but m- 


TT" 

Ir' 

j^ii 




El 


or P 




This is Ruhr's formula. 

Tt gives us the loart P which is theoretically required 
to niairitairi the column in an assumed doiiected 
position, and it will be noted that this load is quite 
independent of the amount of the deflection and that 
if the deflection were doubled the load to keep it in 
such a deflected form would be the same. The load 
P therefore is called the load upon the column 

and with this load the column is in a state of unstable 
equilibrium. * 

If, therefore, ttie load upon the column is less than 
P andjblve column were given a slight dedection the 
column would straighten itself again,* but if tnb load 
is ev^i'-sodittle in excess of P the deflection will go 
pn increasiri^g until the colun-n fails. P thus may 
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be regarded as the load which will cause the column 
to fail. • * 

Equation (3) would also be ^satisfied by 
I 37r 

. Lj "" "# • 

or ^ . or any od^ multi])! of 

but these solutions would J)e of no jn aclic 
because they would gjve* larger ‘values of P and the 
column would havt^. buckled before sucli values W( 3 ni 
reached. 

DjFFERENTTAIi EQUATIONS IN GkNFKAL. — I t IS 
thought that the abote simple examples will give* 
an idea ot the Jiature of dilTcu’cntial equations. 
Eurtlier tre^atment is outside til® sco ])0 of the j)i'esent 
book and the general consideration of such equations 
forms one of th(3 most diflicult branches of advanced 
mathematics. The student who wishes to go further 
into the matter should consult Edwards’ “ fnt^'gral 
Calculus for Beginners,” or Perry’s “ Calculufi for 
Engineers”. A more com])lctc treatment will be 
found in Eomtli’s ‘ Differential l^uatio]^s^’ [Mac- 
millan]. * 


Exercises 9. 

1. Prove that the time of^wing of a simple pend- 
ulum of length I which has a small swing is equal to 

[If 6k is tnerfingle of displacement, 

• . 

2. A body is urged forward by S. consj^ant force 
and there is a resistance propojtionqJ to it^ velocity.* 
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Determine ' its equation of motion. [Proceed as 
follows : — ' • 

Resultant force = F = A 61 ; 

' • , a == A - bv 

* K 

r All 0(1 

f ' " W " W 

= Bj - kv, , ' 

where B and k are ponstants. 

a 4 i" Jbi- kv. 

at 

Solve this for v and check your result by differ- 
entiation.] 

3. Solve the equation + #2 — a;-. 

diO X , 

[Multiply by .r- 

+ 2 xy ^ 

dx ♦ 

i.e. x^ + y ^ x^ 
dx dx 

dx 

N^ow integrate,] 

4. Solv^e the equation + a? + ?/ = 0 

!• 

[i.e. + y == - X 

dx 


Now integrate.] 

5. The equation of motion of two weights W and 
V) connected by a string oVet* a pulley is 

IfW‘-=ie 3fi>niw =* 2 'find the distance traveitsed after 
. 1 second from sta^fting. 
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ANSWEBS TO EXEE0ISE8. 

. 5 . ' 

2. V ^ Ge ^*4- 3. xht = + tJ, i.e. y 

k % • o 

/f<3 r' • 

= " + ■ 4. x‘ + 2 x 11 •= constant. 5i 3'2 ft. 

5 ^ x‘ ■ • ♦ 



X. 

SOME EUIjTHER (JEOMETVTCATi aIM'Tj 1CATI01^.S 
AND SDECTAI^ OUllVES. 

* « * f 

55 66. Radius of Curvature.— If QPS (Fig. 90) 
are three points on any cuiVo and a circle be drawn 
<ihroiigh the points, the circle of curvature may bo 
defined as the limiting position ^of this circle as the 
points Q and S both approach closer and closer to P. 


s 


« • Fia. 90, 

•* r 

The centre O of this circle is called (the pentre of 
curvature, and since the rii^dii O'O, in Fi^x 91 
(which «.^ho)ys the limiting position of the^«points 
dra>wn to an enlarged scale) , are at right angles 
.( 216 ) 
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(normal) to the circle at O' and S', and in the limit also 
normal to the curve, the •entfe of curvature njay be 
defined as the iritorsdfetion of two normals to th<- 
curve at points infinitely close to each othow 


0 
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If is the angle subtended at tin; centre by the 
element c/s which is also an are of the ciide 

we 


• • 

Th^quilntjiy (= is called^the curv(itnre of 

the cur^^ at the point P. • • • 

To get equation j[i) in terirts of ^ordinary ox 
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Cartesian (so-ordinates^we put tan $ = ^(seeg 4) 

and differentiating with regard to s 
f d (tan $) d /(ty\ 
ds de \^x) 
d tan $ d$ d /dy\ dx {*) 

• dO ds d't Kdr) ‘ ds 

i e. seo^ 6 \ ^ ^ . cos 0 

ds dt^ » , 

1 1 dh/ ' ^ ^ 

^ cos*^ 6/ ’ K ~ di- * 

i-e K at- ^ 


now cob 0 


cos^ 0 


\ 7^.- + ' ViH.0 


putting this in equation (2) we get 

* dy 

1 _ (Ti^ 

“"^■^cidT ■ '■ ■ 

We stated on p 210 that when a curve such as 
the form of a slightly deflected beam is very fiat, its 
« 1 dh/ 

curvature is given approximately by =* -y ; we 
,, R dx^ 

can see fiom* (3)* that this is the case because for a 

d * 

very flaU curve the slope be vfery small, and 

* o (wr c' ^ i 

*Oif eLoh«side here we have aq example of ^ a ~ 
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if we neglect it altogether w§ get the result g « ^ 

Example op a Pab\bola. — Take the case of the 
parabola y = and find the radius of cuivattire at 
the origin and for the value»f « = 2. 

■r 1 

In this case = dx r 
d‘y * 

• . . 

1 * 16 

S {1 256j:-^}5’ 

„ {1 + 256x' § 

^ ■ 16 

At the origin where x ■= 0 this gives E = /g ; 
at the point whore x — 2 , 

.. (1 + 1024)^ 

R.^ 


32 “ 

- le nearly 

= 2048. ■* 

We shall give other applications later in considering 
some special curves. 

§ 67. The Length of Curved Outlines. — Ec- 
ferring to Fig. 91 , we see that if we assume that the 
length of a very short piece rls of the curve is equal 
to the length of the djciyd^ O'S' we may write for the 
element of curve 


^•dx^ + dy^ 
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If therefore h is the length of the curve from the 
point A to the point B ' e 

--Ilf - (S)! ■ (') 

or taking co-oi diiiatcft ii/the other direction 

* O']''” ■■■•<?) 

We shall nave an example of this in dealing with 
the catenary. < ' ^ 

g G8. The Catenary and the Tractrix.— The 
catenary is the curve in which a uniform cable 
hangs when supporting its own weight only. Its 
equation is of the form » 

'. (» 

where a is a constant and it may also bo writ, ten 

ij — a cosh - (2) 

a 

*lt i’? iisiisil to writ(j till* expression ^ ^ 


and the expression these being con- 

traeted forms for lu/parboUc ro.sfwi» and hifpcrbolic sine respec- 
tively, because there is an analogy between these functions witli 
reference to a rectangular liyporbola and ordinary trigonmetrical 
functions with reference to a circle. It will be noted that 

cosh- - sinh'-* = 1. Vaiues of these functions arc 

tabulated on p. 2311. #, 

it follows thalf • 


and ^ cosh a;. 

«• tf r- dx 

This should be tested by the student, 
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The axis of x is called the directrix •in this case. 
This curve has many kitci'festing properties. 

Take first the length of the curve from A to P 
(Pig. 92). * ’ r • 
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— J ^ dx 

( 5 ) 

Th& expression vanishes at the lower limi);, for 

e" - 1. < 

“ 2 ' ‘ ■ ’ ‘ 

, ^-asmhg). (7) 

Going back to equation (3) see that 

'• '*> 

Beterriiig to the figure, we note that 
di) , . VN 

til SN 

Now 1 + tau'^^ = sec*^ 

‘ .•.sec^0=l + (^2y = . 

V. sec ^ (9) 

^ * 

Now draw NQ peiiiondicular to the tangent PS. 
Then NSP , o = ^ - SPN - PNQ, 

.-.^Nfca. . ..^ (10) 

Also'^ = ta,n« = ^* < , 

• PQ = s [tiom (8)]. .* 

« ax ' 
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If, therefore, a string PQ held ^ taut were 
wrapped round the catenar^, Q would describe a 
curved path shown in dotted^ lines, and the point Q 
would come to the vertex A because PQ i s ; ^this 
path is called the tractrix, * * 

When two curves are se related that the second 
is thejocus of the end of h string as it is unwound 
from the first, the seconS curve is called^ an involute 
of%he first, so that tjie tractrixfis an involute of the 
catena^ry. 

We notice also that QN is tangential to the tractrix 
because it at right angles to PQ and the instantan- 
eous path of Q is perpendicular to PQ, and wo have 
proved that its length is equal to a which is constant. 
The tractrix therefore has the property that its 
tangent^is of constant length [see p. 179]. 

The tractrix gets its name from the fact that it is 
the curve moved thiough by a body placed at A and 
connected by a string of length a which is rjoved 
along ON so slowly that the body acquit os no 
momentum — or the body may be supposed 
“ rough # 

Proof a Cable JIangs in the Form op a 
Catenary. — Consider the equilibrium of a portion PA 
(Fig. 93) of the.cable of length i > ; there are three forces 
acting on it, v*z. a hoi-rtsontaj tension T„ at A, a 
tangential tension T at P, and a weight ws^ s being 
the length of the cable from* A to P, and w being the 
weight per unit length t>f the cable, the weight being 
assun^ed fiorj^taat. • * ^ • 

f Tfien cleaiAy from the friangle of forces ah c 
• • dij ^ 
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dy 

‘ ' dx ~~ 
i.e. 5 = 


ws 

c . 

%.dy 

wdx 


t= (I > 


dy 

dx 


(I) 


a being a constant becanBe T' and tv are both con- 
stant. < * 



• Fig. 93. 

But we have already •shown in equation (8) that 
this relation holdft for the .catenarj^, so that the 
catenary is a curve«fulfilling the necessary conditions 

of stability’^ of tlicF cable, t •' 

.j, # . T„ • 

We rfiso* see that since % =» -7, t;ho hori^iohtal ten- 

rtbn T„ at A fs . AO. 
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Now consider the teiisioii T at the pofnt P. 
It follows fiom the tri.fnglc of forces that 
. T ' . . 


but from Fig. 1)2, s(;c 0 


(^N ^ a 


•im . If 


Thn Uicrr.fore at ami point of thn cahlc is 

C'fititl to the iveidht pm' unit teiujth of the cahia multi- 
plied by the distance front the point to the directrix 
of the catenary, • 

Engiijeers usually regard the catenary as a ti ouble- 
soino curve to deal with in cable ju'obleiris because 
if the span and dip are given the calculation of a, 
which is necessary before the curve can be dra^u, is 
not obvious. , 

^Vith the a’d of tables of hypei'bolic functions 
in the appendix, liowever, we can iirid a as Jollows : — 
If I is thf? span of the cable and d is the dip, 

y = a + d when x ^ 

• « ^ t 

a d — a c»sh 

jitf. 

•• 1 + iT 2a 

1 + • 7 - . 0 = cosh z% 

- L % 


15 
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z can then be found as follows by plotting from the 
tables : a catenary y = coSh z (Fig. 94). Take for 


instance 


I 


2d 

Then- 

o I 


10 . 




draw the str^ght line y^^ 1 + '2z starting from 
the point y « 1 ai shown. ^ 

The straight fine cuts the catenary wt z ^ ’42 


1-19Z.' 
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If we are given the length 2^ and i^an I and not 
the dip we use the r^ation 

* X 

8 a sinh ~ 

• x‘' 

~ fissinh - 

5 *(2 . 

i.e. . ^ « sinh ' 

or if y = 4 and ^ — z 

I ^ a 

hz = sinh z 

li is given and so b'5' plotting a curve of sinh z and 
drawing upon it the line representing bz we can find 
the solution in a similar maimer. 

§ oa Envelopes, Evolutes, and Involutes.— The 
envelope of a senes of curves of the same family, ' 
i.o.^ those obeying the same kind of law, may 
bo defined as the locus of the points of inter‘ijpction 
of the curves when such curves are infinitely close ; 
it may be regarded as the Iioundary curve within 
or without which all the particular cu^es of the 
family lie, * 

A familiar example of this arises in the case of the 
geometrical construction shown in Fig. 95 for the 
parabola. The sides (rf'tlie ^riangle are divided up 
into an equal number of parts and joined across as 
shown ; the greater the number of parts, the nearer 
will the path of th^ Successive intersection ap* 
proaq]^ tef tl^e parabola* which is thus the envelope 
pf tfiis pattidblar family bf straight lines. ^ 

There is also ay example of envelopes in tl?e case of 
the bending monfent^md shear diagrams |or a roiling 
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load upon a f)earu which will be found described in 
text- books upon the theory of structures. 

The evokite of a curve is the locus or path of its 
centre of curvature. The circle is the curve whoso 
centre of curvature fixed so that the evolute of a 
circle, is a fixed point, viz.*the centre of the circle. 
T1 i( 3 contiy* of curvature ijuiy be regarded as- the 

intersection of successive nQi-yials since the centre of 

. < • 



{• 


curvature is the ultiriiate point of intersection of two 
close normals, the evolute is the envelope of the 
normals t6 the given curve. The normals to the 
original curve are therefore the tangents to the 
evolute. 

An involute of any given curve is the locus of 
points obtained by mg^rkinj^ dllong the tangent to the 
curve at any point a length equal to the length of 
the curve from some fixed point upon it. We have 
already had an example oT ^his in the case of the 
tractnV. Jf a cufve A be the evolute of A cueve B, 
B will bo an involute ,of A.* ^ 

' "** * C * i 

V"" \ curve has an pifinit"' nufaber,of involves, one 
^rresponding to each fixed poiht oh the curve. 
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As a more practical definition of anf involute, we 
may imagine a string to®be wrapped round the given 
curve and a penoil fixed to a point along the string; 
if the string then be unwound while b*eing*kept 
taut, the pencil will draw ai#iij 9 olute of the curve. 

The original curve is th#evolute of all its involutes. 

T«b Cikcular iNvgriflTE. — The iry^olute which 
has the greatest practi^a^ application is the circular ' 
involute which is ^sedt foj’*the shape of gear wheel 
toet)> ff we start unwinding at the point A (Fig. 96) 
we get the curve AQ.r, so that if SQ is the tangent 
to the circle at a point S, the length SQ will be equal 
to the arc AS. • 



Since we take the starting-point A at a 03 ^ point 
on the curve there rau^t)c^ as^wo have already stated, 
an infinite number of involutes to every curve, and 
in the case of the circle a!l the iin olutes will have 
the same shapes. • * 

At atfy j^oint Q of the involute the centre of 
curvature i^ the corresjJbnding point S on the circle 
because S is the instantaneous centre df fhovement 

• t 

of the siring. We Iftive already shown op p. 216, that 
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1 

•E • ds 


The radius of curvature E in tliis c%se — SQ =* length 
of ai^o AS = r</>. Note also that the angle QTU 
through which the ta^Ljg(f.it to the involute has moved 
is also equal to </» <t 

ds = Bdcl> == r<lid^ ^ ♦ 

When r is the radius of the circle 

5 == length of* ai*c AQ of the involute 



The constant of integration is mro because the 
curve starts from A where is zero. , 
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f «> 

Application to Gear Teeth. — It is shown in 
books upon mechanism fh9>t for two tooth outlines' 
to gear accurately 4heir con\nion normal must pass 
through a fixed point called the “ pitch (point Let 

B, (I?ig^97) bet the radii ^pf the “pitojl circle^*’#* of 
the wkeQls ; let rg, be the ^radii of circles called 

iif^hase circles ” which are so related that ^ =* X" 

^ K' 
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so that their common tangent SS^ passes through the 
pitch point P. • * 

Let the outlines be. involutes of these base 
circles ; then it is clear from the figure tBat 98' is 
the common nonnal to the t\So^Airves at the point of 
contact J of the two tectls and 9S' jmsscis through 
the f)itch point P, so |h?ft the involute fulfils the 
necessary condition for^g^ar teeth. 

§ 70. Cycloids.— Sydoids are a series of 
curves which also arise in problems of toothed 
gearing. 

The cycloul is the curve traced out by a j^ohit 
a circle which roll9 tvithout slip upon a straight 
line, * 

Beferring to Fig. 98, if r# is the radius of the 



rolling circle, the point P will describe the cycloid 
ACB, the base AB of jyJtiich will be equal to 27rr, the 
circumference of the circle. * 

Take any position of thet Polling circle. 

Then the arc PN nipafc be equal to She length AN 
if no slip occurs. • 

• • •. A]J = ra • 

« y. = ON +, OQ r + r cos v a), 

^ y « r{l -;co!%tt) . 
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MN PQ = r sin (180 - a) = r sin a 
AM = = c\N - MN 


X — r (a - sin < 1 ) . . . (2) 

Ltft I*T?be the tangent at the point P, then 

Vrf# f 

^ ax 

^ _ dif (la j_ dy ^ dx 

da dx da da 

Now == ?)- 

r/« Sl 

= 7* (0 -h sin <0 ^ r sin tl . . . (i}) 

dx _ d \ r (a “ sin a) ^ 
da d(( 

~ r (1 - eos a) . . . . • (4) 

r sin a 


tan 0 


sin a 

1 - cos a 


r (1 - cos a) 

c\ • a a 
2 sin- cos - 
2 2 

n • a 

2 sm- 2 


COS 


2 « 
— = cot 2 

a 

2 


(5) 


but tan 0 ~ cot (90 ~ ^) *= cot 

- i- 

This means that S is m the diameter of the circle. 

This can be seeft more simply. Since the circle is 
rolling along AB, its point of contact «>N is the in- 
stantaneow centili about wjiich the cirole is ro^afoing 
so that is the normal at P and PS the tangent 
tp the curve, ^ and 'since the apgle^,in a semi-circh^ 
is a right angle must l>e a diameter of the circle. 
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§ 70 ] 


Length of Arc of Cycloid. — We hai^e shown on 
p. 219 that • 

ds - = dx “ 


/ dx ^^ / d ] 

\da) via/ \d 


dy ^ 


~ r- (1 — cos a)“ 7*- sin*-' a 

~ r- (1 - 2 cog a*+ cos ' (/ H- u) 

r- (2 - 2 co^s^) Ik'ciujsc siir a-1- cos' o - = 1 


= 2?-“ ( 1 cofi a) 

•• • 

= 47 -’ sin- • 

d.<t \ . a 

d ,. = 2 • • 


( 6 ) 


length of arc AP ■“ * “ j" sin ^ f/a 


« - 2r 2 cos 


= - 2r ^2 cos I - 2^ 


4r (^1 


cos 


2/ 


( 7 ) 


.*. Ijengthpl whole enrve AB for wtiich a ^ 360' 
= 4r {1 - (- 1)} = 8r . . . (8) 

Hadius of Curvature of Cycuoid. — 

R - 

ds da „ . n* do 

9 • • a 

we have shown that ^ — 90 - 2 

do 
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« •*. E = - 2r cos -f- ^ 

= -4rrcOStf 
= -2*2rcosPNS 
= - 2PN . ‘ . . (9) 

The sign may bo, adjusted by convention ; note 
tbit eithei sign may bo atiacbed to formula (6). 

Tnjfl Trochoid. — The prtt.h geaeiated by Some 
point fixed lolatively to tho«ciicle but not situated 
on the circunifoK'nce *is "called 9 tiochoid. It the 
point IS outside th(‘ circle^ the tiochoid has loops, 
,as shown in Fig 99 , 

EincicnoiD and lln»oc\cijO/i). — When a circle 



rolls outside another circle without slipping, the re- 
sulting cuxve IS called an epicycloid, while it it rolls 
inside, it is called a hypocycloid. The curves are 
shown on Fig. 100. ^ r t 

If the radius E of^tlie main circle is an exact 
multiple (2, 3, 4, etc.) of ih'' radius r of the rolling 
circle, the cuives ^ill repeat«>Bf» the rolling circle con- 
tinues to roll more^jhan once round th? main circle. 
If the lolling circlh has a radius equal t$ half thAfc of 
the uftiiA circle, the hypocycloid becomes the dia- 
i^eter. This pan bd proved fron^ Fig. 101 in which A 


§ 70 ] HYPOCYCLOID 99^ 

represents the starting-point and OP rej^sents any 
given posfttion of the didiiiefcei the loUing circle. 



VVr, 100 . • 


Then if /AOr == 0 , /Q^P = 20 because the 



Fiv 101. 


angle at«the centie of a oircle is twice t^at^ai the 
oiroumfeience • • 
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V 

Now arc-AP = 

and arc QP — r . 2^, scf since E =* 2r * 
arc AP = arc PQ ^ , 

Q wlfich is on t.he diameter AB i«; also on thi? 
hypocycloid. * ft 

Application to Tooti^kd Gkaring. — Referring lo 
Fig. .102, let the pitch circles APB and CPD ,toacli 
at P and let ab and cd be ^portions of hypocycloid al 
and epicycloidal tooth outlihes touching at Q, the 
common rolling circle being Ql^R. 

ab is the curve for rolling upon APB and dc is 
that for rolling upon CL*D. At the instant, the circle 



QPR is rolling outside CPD and inside APB and the 
direction of each curve must be normal to the line 
QP because this circle.js lofiihg about P as an instan- 
taneous centre. 

o 

The two ourv^ therefore fulfil the necessary con- 
dition that the common normal shall pass through 
the piteh'^point 1^. ‘ ^ 

Thpse outlines determine^only the root of one tooth 
and the' point of |he o.her;' the pther portions of 
liach teeth can be obtained sfinilirly but need not 
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necessarily have the same radius of rolling circle as 
the first portions. • • 

Cycloidal teeth ^xro now seldom used in practice. 


Exwucisj?:h%1(S 

1. Find the radius of cujvaturo at the ponittr-=- i 

of th5 curve ?/“ • % 

2. Find the radius of ^iurvaturc of the (ill ipse 

.>+ n = 1. 9 

iV fy 

3. Find the radius of c^irvature at the point 
of the hyperbola .r// — 4. 

4. Find the radius of curvaturti of the catcuiary 
2 / -= fir cosh ?. 

CL 

5. Find the radius of curvaiurci of the cubic para- 
bola ay% = a?’*. 

6. Find an expression for the loTigth of the curve 

+ 'ip = a’. 

7. Find the length of the curvti 9 ay^ start- 
ing from the point .r = o. ^ 

Draw a curve y = sinh x and find the val*ie of 
a for a cable whose length is twice the span. (See 
p. 226.) , 

9. Find the length of the parabola if ^ 4 ax from 
the vertex. 

10. If E is the radius of the fixed circle and r that 
of the rolling circle, show that tlie co-ordinates of a 
] joint on the epicycloid ♦may be written : — 

0 ? = (E -P r) cos a -i; Jf cos "t— ^ a 

y = (E -P r) sirf a + b sin ^ a 

a being the Jangle turned through* by the point of 
contaci^ 
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( . 

Ae^ISWBRS TO EXEEC3ISES. 

» ♦ 

Exeboirks AO. 

I.*?? • * 

le —.•= 7 81. 2. -b*x\ 3. 2^2. 

♦ p 

c- a- / dJ^\i * e 3rt^ 

’■ ii' IC 

_ , 1 I •J’' 

9. s = V <“ + •»" + « lo»(^ /- 


[CH. X. 






EXPONENTIAL AND ITYPERnot.IG » 
PUNCTIOI^h^. 


• .• I 

A , e-f »** cohIi X ^ j Hinh x 


1 -OUO ^ 

l - OOO * 

• J - 0 l )0 

0 

i-2or) 

•905 

M )05 

*100 

1221 

1 

1-020 

•201 

^ 1-350 

•741 

1-045 

•305 

1 - 49:3 

•670 

1-081 

•411 

1-049 

. -607 

J -128 

•521 

, 1’822 

’ -549 

1-185 

*637 

2-014 

•497 

1-255 

*759 

2-226 

•449 

1*337 

*888 

2*460 

•407 

1-433 

1*027 

2 - 71 H 

•368 

1*543 

1-175 

3-004 

333 

1*669 

1-336 

3-320 

•:ioi 

1*811 

l - 50 t > 

3*669 

•273 

1-971 

1-698 

4*055 

•247 

2-151 

1-904 

4-482 

•223 

2-352 

2-129 

4-953 

•202 

2-577 

2 ‘ bft 6 

5*474 

•183 

2*828 

2*646 

6-050 

•166 

3*107 

2*942 

6-686 

1 -150 

3-418 

,M 3 *268 

, 7-389 

• J 35 

3-702 

3-627 

8*166 

•122 

4-144 

4-022 

9-025 

•111 

4-568 

4*457 

9*974 

•100 1 

5*037 

4*937 

11-023 

•091 ; 

5*557 

5*466 

12*182 

• #082 j 

6*132 

6*050 1 

-[ 

1 
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HYPEEBOCilC LOGARITHMS OP NUMBERS 
from 1‘T0 60. 


N<* 

fjOff. 

No. 

I^>g. 

No. 

Lng. 

No. 

l-og. 

1-00 

•0000 

1*10 

1 ^ 

‘•330r» 

3*80 

•5878 

2-20 

•7886 

10k 

•0099 

1-41 

•3430. 

1-81 

•50.'}a 

2-23 

•7930 

1*02 

•019?^ 

•0290 

1 -42 

•3507 

1*82 

•5988 

2’2‘J 

•7975 

lOH 

M3 

•3577 

3-83 

•0043 

2-23 

•8(\20 

i 1-04 

■0392 

1-44 

•3040 

* i:84 

•6098 

2-24 

•8065 

: 105 

•OlHS 

1 -45 

STlti 

1-85 

. -6152 

2-25 

■8109 

' 100 

•0583 

1-46 

•3784 

1*86 

•0200 

2*20 

,•8154 

3-07 

•0077 

1-47 

•3853 

• J-87 


2-27 


1-OS 

■0770 

3 -48 

•3920 

1-88 

•0313 

2-28 

•8242 

3-00 

•osr,2 

1 -49 

•3988 

3-89 

•0306 

2-29 

•8-286 

L-30 

•0953 

1-50 

•4055 

3-90. 

•0419 

2-30 

•8329 

ill 

•1014 

1-51 

•1321 

1 -93 

•6471 

2-^1 

•8372 

3-32 

•1133 

1-52 

•4387 

1-92 

•0523 

2-.32 

•8410 

3 1:j 

*1222 

1-53 

•4253 

1-93 

•0575 

2-3H 

•84,58 

M4 

•3310 

1*54 

•#318 

1-94 

•0027 

2-34 

•8603 

3-15 

•139H 

1-55 

•4383 

1-95 

•0078 

2-35, 

•8544 

l-IO 

•1181 

3-50 

•4447 

1*90 

•0729 

2*36 

•8587 

1-17 

•3570 

3-57 

•4511 

1-97 

•0780 

2-37 

•8029 

1-IH 

•1055 

1-5S 

•4574 

1-98 

•6831 

2-38 

•8071 

1-1<) 

•1740 

1 -59 

•1037 

1-99 

•0883 

2-39 

•8713 

1-20 

•1S23 

1-00 

•4700 

2-00 

•0931 

2-40 

•8755 

l-‘2< 

•1900 

1-01 

•1702 

2-01 

•0981 

2-41 

•8796 

1-22 

1 -LOSS 

1*02 

•4824 

2-02 

•7033 

2-42 

•88.^ 

3 -20 

•2070 

103 

• 1880, 

2-03 

•7080 

2-43 

•8879 

3 -24 

•2V>I 

1-04 

•4947 

204 

•7129 

2-44 

•8920 

1-25 

•2231 

1-65 

•5008 

205 

•7178 

, 2*45 

•8903 

1-26 

•2313 

1-00 

•5008 

2-06 

•7227 

2-40 

•9002 

1-27 

•2390 

1-07 

•5128 

2-07 

•7275 

2-47 

•9042 

1-2S 

•2409 

1-08 

•5188 

2-08 

•7324 

2-48 

•9083 

1-29 

•2540 

1-09 

•5247 

2*09 

•7372 

2-49 

•9123 

3-ao 

•2024 

3-70 

•5300, 

#<0 

•7439 

2-50 

•9163 

1-31 

•2700 

1-71 

•5&05 

2-11 

•7407 

2-51 

•9203 

1-32 

•2776 

1-72 

•5423 

2-12 

•7514 

2*.52 

•9243 

1-33 

•2852 

1-73 

•54§1' 

: 13 

•7503 

2-53 

•9282 

1-34 

•2927 

l-74« 

•5539 


•7008 

2-e54 

•9322 

1-35 

■3001 

1-76 

•5596 

2-15 

•7055 

2-65 

•9361 

1-36 

1-37 

•3075 

••BlIlH 

1-76 

1-7^ 

' *5653 
•5710 

2-J6 

.217 

•7703 

•7747 

,2-^ 

• 2-57 

i9400 

•91^39 

1-38 

•3223 

1-78 

•5766 

>18 

•7793 

2-68 , 

•9478 

1-39* 

» 

4129B 

1-79 

•5822 

‘ J 

2-lr9 
i 

•7839 

# 

t 

2-59« 

•9617 


. ,P240) 
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J 


No. 

.liOg. 

No. 


o 

j Log. 

’ No. 

i Log* 

2-60 

•9555 

3-94 

iaii9 

.3-48 

1-2470 

3-92 

1-3661 

2*61 

•9594 

3-05 

M15I 

3*49 

1 -2499 

»S)3 

1«686 

2*62 

•9632 

8-06 

: 1*1184 

3-o0, 

, 1-2528 

3-94 

1-3712 

2-C8 

•9670 

3*07 

1 1*1217 

#51* 

1-2556 

3-95 

1-3737 

2-64 

•9708 

3-08 

! 1*1249 

3*52 

1-2585 

3-96 

1-3762 

2-65 

•9746 

3*09 

1*1282 

3-53 

1*2613 

3-97 

i-3788 

2-6G 

•9783 

3-10 

1*1 %14 
1-1346 

3-54 

1-2641 

( 3-98 

1-3813 

lJ-67 

•9821 

3-11 

3-55 

1-2669 

3-99 

1-3838 

2-68 

•9858 

3*12 

l-JliT* 

3-56 

1-2608 

4-00 

1-3863 

2-oy 

•9895 

3-13 

1*1410 


1*2726 

4-01 

1 -3888 


•9933 

3-14 

*11 4 42 

3*r»8 

1*2754 

4*02 

J-3913 

•9969 

3*15 1-1474 

3-59 : 1-2782 

4*03 

1-3938 

2-72 

1-0006 

.3*16 

M.i06 

3*60 

J *2809 

4*04 

1-3962 

2-73 

1-0843 

.3*17 

1*15.37 

3*61 

1*2837 

4*0.5 

1-3987 

2*74 

1*0080 

3*18 

11 1569 

3*62 

1*2865 

4*06 

1*4012 

2*75 

1*0116 

3*19 

1*1600 

3*63 

1*2892 

4*07 

1-4036 

2-76 

1-8152 

3*20 

1*1632 

3-64 

1*2920 

4-08 

1*4061 

2-77 

1*0188 

3*21 

1*1663 

3-65 

1*2917 

4*09 

1-4085 

2-78 

1-0225 

3*22 

1-1694 

:i«6 

1-2975 

4-10 

1-4110 

2-79, 

J-0260 

3*23 

1*1725 

3*67 

1-.3002 

4*11 

1-4134 

2-80 

lL-0296 

3*24 

1-1750 

3*68 

1-3029 

4 12 

1-41.59 

2*81 

1*0332 

3*25 

1-1787 

3*69 

1-8056 

4-13 

1*4183 

2-82 

1*0367 

3*26 

1 1817 

3*70 

1-3083 

4*14 

1*4207 

2-83 

J-0403 

3*27 

1-1848 

3*71 

1-3110 

M5 

1-4231 

2-84 

1-0438 

3*28 

1-1878 

3*72 

1-3137 

4*16 

1-4 2.55 

2*8/5 

1-047.3 

3*29 

1-1909 

3*73 

1-3164 

4*17 

1^279 

•2*8l» 

1-0508 

3*30 

M939 

3*74 

1*3191 

4*18 

1*4303 

2*87 

1-0543 

3*31 

1-11169 

3*75 

1*3218 

4*19 

1-4327 

2-8S 

1-0578 

3*32 

J-1999 

3*76 

1*3244 

#20 

1-4351 

2-89 

] -061.3 
1-0647 

3-33 

1*2030 

3*77 

3*3271 

4-21 

1-4375 

2-90 

3*34 

1 *2060 

3-7.S 

1*3297 

4-22 

1-4398 

2*91 

1-0682 

3*35 

1-9090 

3-79 

1*3324 

4-23 

1-4422 

2*92 

1-0716 

3*30 

1*2119 

3*80 

1*3350 

4-24 

1-4446 

2*93 

1-0750 

3*37 

1*2149 

3-.81 

1*3376 

4-25 

1-4469 

2*94 

1-0784 

3-38 


3*82 

1-3403 

4*26 

1-4493 

2*95 

1-0813 

3*39 

1*2208 

' 3«3 

1-6429 

4-27; 

1-4516 

2*96 

1-0852 

3-40 

1*2238 

3*84 

1-3455 

4-28; 1-4540 

2-97 

1*0886 

3*41 

1*2267 

• 5*85 

1*3481 

4-29 

1-4563 

2-98 

1-0919 

3-42 

1*22%) 

3*86 

1-3507' 

4-30 

1-4586 

2*99 

1-0953 

! 3*43 

1*2?>26 

3*87 

1-3533 

4*31 

J-46(M» 

3*00 

1-^986* 

' 3*44 

1*2355 

3-88 

•1-3558 

4-32. 

1-4633 

3-^f 

i-ioiil 

3*45 

1 *2/184 

3-89 

l-«584 

4-3/r 

1-4656 

302 

1-1053 

3*46 

1-2415 

3-90 

1-3610 

4-34 

1-4679 

3*03 

VlObO 

3-47 

• 

— 

1-^4!2 

3-91 

1-3635 

1 

•4-* 

1-4702 


16 





c. 


No. 

Log. 

1 4'36 

3*4725 

1 4*:^7 

3*4748 

1 i-:w 

1*4770 

4 *39 

l*t793 

1*40 

1*4816 

4-411 

1*4839 

4-4‘2 

1*4H61| 

4-43 

1*4884 

4-41 

1*4907 

4-tri 

3*4929 

4-i() 

1*4953 

4-47 

1*4974 

4-4S 

1*499() 

4-49 

1*5039 

4-50 

1*5043 

4-.'31 

1-5063 

4-52 

1*5085 

4*53 

3*5107 

4*54 

1-5129 

4*55 

3*5151 

4*56 

J -5173 

, 4*57 

1*5195 1 

4*5S 

1*5217 

4*59 

1*52.39 

4*60 

1*5261 

4*0 i 

1*5282 

4*G‘2 

3*5304 

4*63 

1*5326 

4*64 

15, 47 

4*05 

1*5369 

4*66 

J *5390 

4*67 

3*5432 

4-6H 

1*5433 

4*r,9 

1*5 t54 

4*70 

1*5476 

4-71 

1*5497 

4 72 

1*5518 

4*73 

1*5539 

4-74 

1-5560 

4*75 

1-5581 

4*76 

U5602 

4*77 

1-5623 

4*7H^ 

1-6644 

4*79 

1<^5666 
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1 • 

Log 

No. 

1 

1 

» No. 



Log 

\ » 

! - ' 

j I-og. 

1 

1 6-12 

1*8110 

If) -50 

l*8810f 

7-00 

1*9459 

«7*44 

2*0069 ' 

Ol.i 

1‘8]32 

6-57 

1 *8825 

7-01 

1*9473 

7*45 

►2-0083 

6-14 

1-8148 

0*58 

1*8840 

^7-#2 

1*9488 

7-40 

2*0090 1 

O-Io 

1-81G5 

0-59 

1*8850 

>03 

1*9502 

7-47 

2-0109 

G-IG 

J -8181 

0-GU 

1-88W 

7*01 

1*9510 

7*48 

2-0122 

G-17 

1-8197 

0*01 

l-88JiO 

7-05 

1*9530 

7*4‘T 

2 -0130 

G-ls 

1*8213 

0-02 

J^8901 

7-00 

l*95f4 

7-50 

2-0l49i 

i G-11) 

1*8229 

0*03 

ViUaG 

7-07 

1*9559 

7-51 

2-O102I* 

G*‘20 

1-8*245 

(v04 

1 H93A 

• 7-08 

I *9573 

7*52 

2-0170 j 

G-21 

1*8‘2G2 

0-G5 

1 *8940 

7*09 

1 *9587 

7*53 

2-0181) 

i>22 

1-8278 

0*00 

1*8901 

7-10 

1 *9001 

7*54 

2 0202 1 

G-2;-5 

1 *8294 

0-(>7 

1-81170 

7*31 

l-9(>15 

7-55 

2 0215 1 

G-24 

V8310 

0*08 

1*8991 

7-12 

1 *9029 

7*50 

2-022*) 

1 ‘r2f5 

1-83*20 

0-09 

1*9000 

7-13 

1 -90 43 

7 57 

2 •02 42 ' 

' G-2G 

1*8342 

0-7t 

1-9921 

7-14 

1 9057 

7-58 

2-0255 

1 

6-27 

» 1-8358 

0*71 

l-9()3(> 

7-15 

1-9071 

7-59 

2-020S 

j 

G-28 

1 -837 1 

0-72 

1-9051 

7-10 

l•9()85 

7-00 

2-0281 


G-2G 

J -8390 

0*73 

1-9000 

.7-37 

1-9099 

7*01 

2-0295 


6-30 

1-8105 

0*71 

1-9081 

7-18 

1-9713 

7*02 

2-0308 

G-3t 

1-8121 

0*75 

1-9095 

7-19 

1 9727 

7-1 >3 

2-0321 , 

6-32 

1-8437 

0*70 

1-9110 

7-20 


7*04 

2-o;«4 

1 

G-33 

1-8 153 

0*77 

1-9125 

7*21 

1 -9755 

7-05 

2-0;347 

1 

G-34 

1 -SIGO 

0*78 

1 91 10 

7-22 

l•97(>9 

7*()0 

2-03(>() 


G-35 

1 -8 Ls;> 

0-79 i 

1-9155 

7*23 

1 -9782 
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9*65 1 2*2670 

9*90 

2*2925 

»-66 
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9*91 
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9*93 
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9*98 
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*4*2783 
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2-3749 
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,2*281 4 

11*00 

2*3979 

9*80 

2*2824 

11*25 

2*4201 

9*81 

2*2834 

11*50 

2*44.30 

9*82 

2*2844 

11*75 , 

2*4636 

1 9*8jl 

2*2854 

12*00 

2*4849 

1 9*84 1 

2*2865 

12*25 ' 

2*5052 

9*85 , 

2*2875 

12*50 

2*5262 

9*86 

2*2885 

12*75 

2*5455 

9*87 

2*2895 

13*00 

2*5649 

9*88 

2*2905 

13*25 

2*5840 


I 


No. I TiOg.* I No. Log. 


13*50 2*6027 20*00 3*3678 
13*75 2*6211 30 00 l•3•4012 
14*i0 2*6391 31-00 3*4340 
14<25 2*6567 32*00 3*1667 
14*50 2*6710 33*00 3*4965 
14*75,2*6913 3l*0(P 3*5263 
15*00 2*70.^ 35*00 3*5553, 
15*50 I 2*7408 36*00 3*5835 ^1 
^6*00 2*7726 37*00 3*6109 
16*50 2*8034 38*00 3*6376 
17*00 2*8332 39*00 3*6636 
17*50 2*8621 40*00 3*6889 
18*00 2*8904 41*00 3*7136 

18 50 12*9173 42*00,3*7377 

19 00, ‘2*9444 43 00 3*7612 

19*50 2*9703 14*00 3*7812 

20*00 ' 2*9957 15*00 3*8067 
21*00 3*0415 16*00 3*8286 

^2*00 3*0911 47*00 3*8501 

23*00 I 3*1355 48*00 3*8712 
24*00 I 3*1781 49*00 3*8918 
25*00 3*2189 50*00 3*9120 
26*00 ' 3*2581 

27*00 3*2958 
28*00 3*3322 

• 

_ • li 
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4393 4409 4425 4l4u 4456 2 3 5* 6 , 8 1 9 11 13 14 

4548 4564 4579 4594 4609 3 5 6 ' 8 j 9 11 12 14 
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l*:3:n 1-0488 J-0a23 O-l 37-21 226-981 2-46981-8272 

1- 72H l-oyr)6il-0627 6-2 38-44 *238-328 2-49 1-8371 

2 VJ7 1-140211-0913 0-3 39-69 260-047 2-51 1-8469 

2- 744 1-I88‘2|iaift7 6-4 40-96 262-J 44 2-6298 1 -856b 

3- 375 l-22i7'l- 14 ir 6-5 42-26 274-625 2-54961-8663 

4- 096 l-2649il-l1)96 0-6 43-56 •287-496 2-669 1-8758 

4- 913 1-3038I1-1935 '6-7 44-89 300-763 2-6884 1-8^52 

5- 8.32 /•34l6|l-2164 *6-8^46-24 314-432 2-60771-8946 

6- 859 1-378 4|1-23H6 6-9 47-61 328-509 2-62681-9038 

8 1-4142 1-2.599 7* ^9 343 2-6468 f -9129 


8 1-4142 1-2.5991 7* 

9*261 1-4491 1-2806 f 7-1 


.50-41 .357-911 2-6646 1-922 


10-648 1-4832 1-3006 7*2 .51-4fl 37.S-248 2-6H{j3 1-931 

12- 167 1-516611-32 741 53-29 .389-017 2-701M -9399 

13- 82 4 1 -5492 l-33h9 7- 4 54*76 405-224 2-720.0 1-9487 

15-62.) I -.5811 1-3.57-J 7-5 .56-25 421 -87.*) 2-7386 1-9.574 

17-576 I 612.5 1-37.51 7 6 .57-76 4.38-976 2-7.568 1-9661 


4.38-976 2-7.568 1-9661 


19-683 l-64.3-ill-392.5 1 7-7 59*29 456-.533 2-77491-9747 


21-9.521-67.331-4095 
2 4-.389 1-70291-426 
27 1-7.321 1-4432 

29-791 1-76071-4.581 
32-7081-78891-4736 
,15-937 1-816611-4888 
.39-304 I -84391 -.5037 
42-875 l-870^1 -.5183 


7- 8 60-84 474-552 6-79281-9832 

7 9 62-41 493-039 2-8107 1-9910 

H 64 512 2-82842 

s-l 66-61 .531-441 2-846 2-008.3 

8- 2 07-21 .5.51-368 2-8636-3-0165 

8 3 68-89 571-787 2-881 2-0247 
8-4 70 .56 .592-704 2-898.3 2-0,328 
s%5 73-25 614-125 2-9156 2-0408 


46-6.50 I -897 1 1-5326 I 8-6 73-96 636 0-56 2-9326 2-0488 


13- 6i^ •50-6.53 1-923,5 l-.5t()7 8-7 75-69 658-, 503 2-94962-0567 

14- 44* 54-872 J-9494| I -.560.5 s-K* 77-44 681-472 2-9665 2-6646 

1.5-21 59-3191-9748 1-5741 8 9 79-21 704-969 2-9833 2-0724 

16 64 « 2 1-.587J 9 81 729 3 2-0801 

16- 81 68-021 2-02491-6005 9-1 82-81 7,53-571 3-01662-0878 

17- 64 74-088 2 04941-6134 9-2 84-64 778 -6?<S 3-0332 2-09.54 

18- 49 79-507 2-07.361-6261 9-3 86-49 804-357 3-0496 2-1029 

19- 36 85-184 2 0976 1-6,386 9-4 88-36 S30*.584 3-0659 2-1106 

20- 25 91-125 2-1213 1*661 9-6 90-2.5 8.57-375 3-0iJ22 2-1179 

21- 10 97-336 2-1448 1-6631 9-6,92-16 884-736 3-0984 2-1263 

22*09 103-823 2-16801 *67.51 !l*7 94-09 912*073 3-1145 21.327 

23-04 110 .592 2-1 9(«) 1-6869 9-8 96-04 941-19k 3-1806 2-14 

24*01 117-649 2-21.36 1-698.’)' ^-9 98-01 970-299 3-1464 2-ll72 

25 126 9-^3614-71 10 ,100 1000 3-1623 2-1544 

26- 01 132-651 2-2.583 1-7213 10-1102-01 1030-.301 3-178 2-1616 

27- 04 140*608 2-2804 F 7326 10-2104-04 1061 -iOS 3-1987 2*1687 

28- Oit 148-»|7 2-8028 1-7436 10-3 106-09 1092-71»7 3*2094 p-1767 

29- 16 167-464 2*3288 1*7544 10-#108-16 1124-863 3-22492-1828 

3-3^042-1897 


80- 26 166c37€ 2-8462 1-7652 10*5110-26 

81- 86 175*616 2-8664 1|7768 lv-6 112-36 
32-49 185-198 241875 1-7868 10-711449 
88*64 196-1122-40881*7968 10-8116*64 
34*81 206*8792*429 1*807 10*9118*81 


3-25682-1967 
3-2711 2-2036 











CALCULUS FOR ENGINEERS 


Table ov Squares, Etc. — Contimied. 


]NoVW' cube. 

21 '441 - 9261 *4*6826 2*75^9 

21-1 445*21 9393*931 4*5936 2*7633 
21*2 449*44 9528*1284*60432*7676* 
21*8 453*6S|1 9663*'fe97 4*6152 2*772 
21*4 457*96 9800*344 4*626 1$;7763 
21*6 462*25 9938*876 4*6368 2*^806 
21*6 466*56 10077*696 4*6476 2*7849 
21*7 470*8910218*313 4*65862*7893 
21*8 476*24 10360*232^*669 2*7936 
21c'^> 479*61 10503*459 4*6797 2*7978 

22 484 10648 4*69042*8021 

22*1 488*41 10793*861 4*7011 2*8003 
22*2 492*84 10941*048 4*7117 2-8105 
22*3 497*29 11089*567 4*7223 2*8147 
•22*4 601*76 11239*424 4*7329 2*8189 

' 22*5 306*26 11390*625 4*7434 2*8231 
22*6 510*76 11543*176 4*7539 2*8273 
22*7 615*29 11697*083 4*7644 2*8314 
22*8 619*84 11852*362 4*7749 2*8356 
22*9 524*41 12008*9894*7854 2*8397 
28 529 12167 4*7958 2*8^38 

23*1 533*61 12326*391 4*8062 2*8479 
23*2 638*24 12487*168 4*8166 2*8521 
23*3 642*89 12649*337 4*827 2*8562 
28*4 547*66 12812*904 4*8373 2*8603 
23*6 662*25 12977*875 4*8477 2*8643 
28*6 556*96 13144*266 4*858 2*8684 
23*7 561*69 13312*053 4*8683 2*8724 
28*8 666*44 13481*272 4*8785 2*8765 
23*9 671*21 13651*919 4*8888 2*8805 
24 676 13824''’ 4*899 2*8845 

24*1 580*81 13997*621 4*9092 2*8886 
24*2 585*64 14172*488 4*9198 2*8925 
24*3 590*4914348*90 4*9295 2*8965 
24*4 596*36 14626*7844*93962*9004 
24*5 600*25 14706*1254*9497 2*9044 
24i6 606*16 14886*9364*95982*9083 
- 610*09 15069*223 4*9699 2*9m 
16262*9924*97992*9162 
15438*249 4*9899 2*92(ri 



W. Cube. 

676 17676 6*09’9 2*9626 

681*21 17779*681 6*10882*9668 
686*44 17984*728 6*1186 2*9701 
691*69 18191*447 6*1284 2*9738 
696*96 18399*744 6*1881 2*9776 
702*25 18609*625 5*1478 2*9814 
707*66 18821*096 6*16762*9861 
712*89 19034*163 5*1672 2*9888 
718*24 19248*832 6*1769 2*9926 
728*61 19465*109 5*1866 2*9963 
^29 19683 * 5*1962 3 

V34*41 19902*611 6*2058 3*0037 
73984 20123*648 6*2164 3*0074 
745*29 20346*417 5*2249 3*0111 
750*76 20570*824 6*2346 3*0147 
756*25 20796-876 6*244 3*0184 
7^*76 21024*676 6*2586 3*0221 
7OT*29 21363*933 5*2631 3*0267 
772*84 21484*952 6*2726 3*0293 
778*4121717*6395*282 3*033 
784 21952 6*2016 3*0366 

789*61 22188*041 .^,*3609 3*0402 
795*24 22425*768 5*8104 3*0488 
800*89 22665*187 5*3198 3*0474 
806*.56 22906*304 5*3292 3*051 
812*26 23149*125 5*3385 3*0646 
817*96 23393*656 6*3479 3*0.581 
823*69 23639*903 5*3672 3*0617 
829*44 23887*872 5*3666 .^*0652 
835*21 24137*569 6*3769 8*0688 
841 24389 5*3852 3*0723 

846*81 24642*171 5*3944 3*0758 
852*64 24897'088 6*4037 3*0794 
858*49 25153*757 5*4129 3*0829 
864*36 *25412*184 6*4222 3*0864 
870*25 26672*375 5’*4314 3*0899 
.876*16 25934*336 6*4406 3*0934 
882*09*26198*073 5*4498 
888*04 26463*592 
894*0126730*8996*4681 


900 27000 
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961 £0791 

907 *21 30080 
973-44 30371 
979-6980664 
986-96 .)0969' 
'6 992-25 81266' 
■6 998-56 31664 
•7 1004-89 3f855- 
•8 1011-24 3-2167' 
-9 1017-61 32461' 
10'&4 32768 

■1 1080-41 33076' 
•21030-.84 33386' 
•3 104l^29 33698' 
■4 1049-76 34012' 
•51056-25 34^28' 
•6 1062-76 34645' 
■71069-29 34965' 
•H 1075-84 33287' 
'9 108-2-41 35611' 
1089 35937 

'1 1095-61 36264 • 
' 21102 • 2436694 • 
•3 1108-89 36926* 
■4 1115-56 37259- 
•5 1132-25 37696- 
-6 1128-96 37933- 
'7 1136-69 38272- 
•8 M42-44 38614- 
•9 1149-21 38958- 
1156 39304 

-1 1162-81 39651- 
■2 1109-64 40001- 
■3 1176-49 40353- 
■4 1183-36 40707' 
■511190-25 41063- 


■6 1197-16 41421- 


•7 1204 '09 41781' 


5*6678 3-f 414 
-2315-57673-1448 
-328 Sr6857 3-1481 
•297 5-69463-1515 
*144 3-60353*1548 
-875 5-61243-1582 
•4965-6213 3-1616 
•013 5-6302 3-164l» 
•432 5-6391 3il67< 
-7695*648 3-1715 
5-6569 3-174 
•161 5-6656 |b- 178 
•248 5'1»45 3-1814 
•207 5-68.13 H-l« 47 
•224 5-6921 3-188 
-125 5-7008 3-1913 
•976 5-701)6 3-1945 
•783 5-71^1 3-1978 
•552 5-7271 3-201 
•289 3-7.4588-2043 
5-7 44613*2075 
•691 5-7532 3-2108 
•368 6-7619,3-214 
-0375-7700 3-2172 
•704 5-7792 3-2204 
•376 6-7879 3-22:17 
•066 3-7965 3-2‘269 
-753 5-8051 3-2:401 
•472 5-8137 3-2:432 
•21,)5-8'i23 3-*2364 
5-831 3-2:496 
•821 5-8395 :4-24*28 
-688 5-848 3-246 
•607 5-8560 3-2491 
•584 5-8651 3-2522 
•625 5-8736 3-2554 


-7365-88213 


•9235-8900M-2617 



























CALCULUS FOB ENGINEERS 


‘ 2<)0 

Tablb op Squabkb, Etc. — Continried, 

ii 1681 68921 ;*-4b81 3-448*2 46 fill6 97336 §-7823 3-583 

41-1 1689*21 69426-531 r-41093-45l'' 46-1 2125-21 97972-181 6-7897 3-5866 
41*2 1697*44 69934-528 6* 4187 3-4538 46-2 2134*44 <,98611-128 6*7971 3-5882 
41-3 1705*69 70444*997 6*4265 3*4566 46-3 2143-69 99252-847 6-8044 3-5908 
41-4 1713-96 V0957-944 6-4343 3-4594 46-4 2152-96 99897-344 6-8118 3-5934 
41-6 1722-25 71473*375 6-4421 3^4628 46-5 2162*25 100544-626 6-8191 3-596 
41-6 1730-56 71991-296 6-4498 3*465 46*6 2171*56 101194*696 6*8264 3-5986 * 

41- 7 1738-89 7^51 1*713 6:1575 3-4677 2180-89 101847 -66^ 6*8337 3*6011 

41*8 1747-24 73034*632 ^'4653 3*4705 4rv8 90-24 102503-282 6*8411 3-6037 
41*9 ',1755-6173560*0596*473 3*4733 46-02199*61 108161*7096*84843-6063 

42 ]j 764 74088 6-4807 3*476 47 '2^9 103823 6-866'r3*6088 

42- 1 1772-41 74618-461 6-4884 3-478W 4'? -1 22i,8-41 104487*111 6*8629 3-6114 
42-2 1780*84 751 51*448 6*4961 3*4815 47-2 2227*84 105154-048 6-8702 3-6139 

42- 3 1789*29 75686*967 6*5038 3*4843 47*3 *2237*29 105823*817 3*6165 

42*4 1797*76 76225*024 6*611 5 3*487 47*4 2246*76 106496*424 6*8848 3*619 
12-5 IC06*2^) 76765*625 6*5192 3*4898 47*5 *2256*25 107171*875 6*892 3*6216 
42*6 1814*76 77308*776 6*5268 3*4915 47*62265*76 107850*176 6'8993 3*6241 
42*7 1823*29 77854*483 6*5346 3*4952 47*7 2275*29 108531*333 6*9065 3*6267 
42*8 1831*84 78402*752 6*5422 3*498 47*8 2284*84 109215*352 6*9138 3*6292 
12*9 1840*41 78953-589 0*5498 3*5007 47*9 2294*41 109902*239 6*921 3-6317 

43 1849 79507 6-55743-5034 48 2304 110592 6*9282 3*6342 

43* I 1857*61 80062*091 0*5651 3*5061 48*1 2313*61 111284*641 6*93/54 3*6368 
43*2 1866*24 80621*568 6*5727 3*5088 48*2 *2323*24 111980*168 6*9426 3*6393 
43*3 1874*89 81182*737 6-580H 3*5115 48*3 2332*89 112678*587 6-9498 3*6418 
43*4 1883*56 81746*504 6*Ar879 3*5142 48*4 2342*50 113379*904 6*957 3*6443 
43*5 1892*25 82312*875 6*5954 3*5169 48*5 2352*25 114084*125 6*9642 3*6468 
43*6 1900*96 82881*856 0*603 3*5196 48*0 2361 -96 114791*256 6*9714 3*6493 
43*7 1909*69 83453*453 6*6106 3*5223 48*7 2371*69 115501*303 6*9785 3*6513 
13*K 1918-44 K4027-672 6*6182 3-525 48*8 2381*44 116214-272 6*98.57 ;'>’6543 

43- 9 1927-21 84604-.519 6*6257 3*5277 48*9 2391*21 116930*169 6*9929 3*6568 

44 1936 85184' 6*6332 3*5303 49 2401 117649 7 3*6593 

44*1 1944*81 8.5766*121 6*6408 3*.533 49*1 2410*81 1 18370*771 7*0071 3*0618 

44- 2 195.5-64 863.50-888 6*6483 3*53.57 49*2 2420*64 1J9095>488 7*0143 3*6643 
44-3 1962-49 86938-307 6*6558 3*5384 49*3 24.30*49 1 19823*157 7-0214 3-6668 
44-4 1971-.36 87528-384 6*6633 3-.541 49*4 *2440*36 120553*784 7*0286 3*6692 
44*5 1980-25 88121-125 6*6708 3-5437 49-5 24.50*25 121287*376 7*03.56 3*6717 
44*rj 1989-16 88716-536 6-6783 3-5463 49*6 *2460-16 122023-936 7-0427 3*6742 
44*7 1998*09 89314-623 6-68.58 3-.541»‘^ 4b*7 •/470-09 122763-473 7-0498 3*6766 
14*8 2007*04 89915*392 6-6933 3-5516 49-8 2480*04 123.505*992 7-0669 3-6791 

44- 9 2016-01 90518-849 6-7007 3-.5543 4 -9 2490*01 124261 -499 7-064 3*6816 

45 2025 91125 6*^D82 3-.5569 50 . 2.500 125000 7*07113-684. 

45- 1 2034*01 91733-851 6-71.57 3-5595 51 2601 132651 7-1414 3-7084 

45-2 2043*04 923,^6-408 6-7231 ,3-5622 .52 2704 1406CaS <* 7-2111 3-732.5 

44*3 2052*90 92959-677 6*73(^.5 3-5648 53 2809 148871 7-^801 3*7563 

45-4 2061-16 93576-664 6-738 3-6674 54 < 2916 167464 7-3485 3-7798 

45- 6 J070-26 9^196-376 6-7454 3-67 56 3025 166375 7^4162 3-803 

46- 6 2079-36 94818‘-816 6-7528 3-6726 56 3136 17.5616 7-4833 3-8269 

45-7 2088-49 96443-993 6'7602 jf-6762 57 3249' ^8619^ 7-5498 3-8485 

45-8 2097-64 96071-972 6*7676 3*6778 58 3364 195112 7*6158 3%709 

16-9 2106-81 967 02-579 6- 776 3 -5805159 3481 205379 7-68113-893 

















264 CALCULUS 

FOR ENGINEERS 

* Mrrmc 

r * 

EqI IVVIFNTI. 

•f 1 eentimctie 

= 0t3i):i7in. 

1 s<i. centimetre . 

, sq. m. 

1 cub. centimc'tre 

O'OfilO cvb. in. 

1 kilogram . 

lb. 

kilograin-mctre 

- Kf>*82 in.-lb. r 

1 centimetic per sec. 

- 0*0328 ft. per see. 

1 gram poi sq. cdiiinictie 

0*0142 lb per sq. in. 

1 gram per cub. eentinietre 

02*42 lb per cub. ft. 

Acceleration due to gravity 

32*2 ft. pii sec. 

If If 

981*4 centimetres per sec. 

1 in 

2*540 centimeties. * 

] t>q. in. . . ^ . 

— 0*511 sq. centimetres. 

1 cub. in 

^ 16*.18 cub. centimetres. 

1 lb. (avoirdupois) 

-= *4530 kilogram. 

1 ft. per sec. 

30*48 centimetres per sec. 

1 lb. per sq. in. . 

— 09*34 glams per sq. centimetie.* 

1 lb. per cub. p. 

s=. 27*610 glams per cub. centi- 


metre. 

1 lb. per cub. ft. 

= 0*010022 gram poi»-cub. centi 


metre. 

lin.-lb = 

= 1152 giam-eentimcties. , 
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Equivalent Valukh op MiijAetres and Inches. 

* * A 




( 


1 * 






nifilrus. 

I 

[ Inolieh. 

Milli- 

metres. 

IlK ligS. 

metres. 

Inches 

Mjlli- 

metros. 

Inches 



1 • 


/ 







•0394 

27* 

✓ 

1*0630 

53 

2-0866 

79 

31 103 


2 

•0787 

28 

M0%4 

54 

2-1260 

80 

3-1496 


3 

•MSI 

29 

1-1417 

55 

2-1654 

81 

3-1890 


4 

■1575 

30 

1*1811 

5(» 

2-2047 

82 

3-2284 


5 

•1068 

31 

11-2205 

57 

2-2441 

83 

3-2677 


6 

;2362 

32 

1-2598 

58 

2*2835 

84 

3-3071 


7 

’2756 

33 

1-2092 

59 

2-3228 

85 

3-3465 


H 

•3150 

34 

1-3386 

60 

2*3622 

86 

3-3859 


0 

•3543 

35 

1-3780 

m. 

2-4016 

87 

3-4252 


10 

• -3937 

36 

1-4173 

62 

2-4410 

88 

3-4646 


11 

•4331 

37 

1-4567 

63 

2-4803 

89 

3-5040 


12 

•4724 

38 

1-4961 

64 

2-5197 

90 

3-5433 


13 

•5118 

39 

1-5354 

65 

2-5591 

91 

3*5827 


14 

•5512 

40 

1-5748 

6() 

2-5984 

92 

3*6221 


15 

•5906 

41 

1 1-6142 

67 

2-6378 

93 

3-6614 


L 16 

•6299 

42 

1-6536 

68 

2-6772 

94 

;L7008 


17 

•6693 

43 

: 1-6929 

69 

2-7166 

95 

3-7402 


18 

•7087 

44 

I -7323 

70 

2-7559 

^96 

3-7796 


ly 

•7480 

4) 

1-7717 

71 

2-7953 

97 

3-8189 


20 

•7874 

46 

1-8130 

72 

2-8347 

! 98 

3-8583 


21 

•82^8 

47 

1-8504 

73 

2-8740 

99 

3-8977 


22 

•8661 

48 

1-8898 

74 

2-9134 

100 

3-9370 


23 , 

•9055 

49 

3-9291 

75 

2-9528 




24 

•9449 

50 

1-9685 

76 

2-9922 

(100|mm. = 

1 25 

•9843 

51 

2-^7ijb 

^77 

3-0315 

1 (leci metre.) 

1 26 

L-0236 

52 

2-0173 

1 

3-0709 

! 







Lil^ 


_ 1 
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CALCULUS FOB ENGINEERS 


Kiloob/mmes in Pounds. 


% 

I 

Kilos. 

Pounds 

r 

Kilos 

1 l^ounds 

Kilos 

i 

1 

Pound*^. 

Kilos. 

Pounds. 


1 

2*205 

26 

57*320 

0 

51 

n2;-136 

76 

167*561 


2 

4*409 

27 

59*625 

•V 

n4*610 

77 

16>M86 


8 

6*614 

28 

61*729 

53 

110*846 

78 

171-960 

• 

4 

8-818 

29 

63*934 

54 

139*049 

79» 

174*166 


5 

11-023 

HO 

rJ6139 

‘V, 

121*254 

80 

176-870 


0 

13*228 

31 

66*343 

56 

1S3-459 

HI 

178-674 


7 

15*432 

82 

70*548 

57 

125*663 

82 

180-779 


8 

17-687 

33 

72*762 

58 

127*868 

83 

182-983 


2 

19-842 

31 

74 657 

59 

130-073 

81 

185-118 


JO 

22-046 

35 

77*1(12 

60 

132*277 

86 

187-393 


11 

24-251 

36 

79*366 

61 

134*482 

86 

m-597 


12 

26*455 

37 

81*571 

62 

136*486 

87 

191-802 


18 

28*600 
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219. 
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Sine law, 54. 

Fundamental, 84. 
"Properties (K 56. 
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Measurement oT, 12. , 
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Small varia^ms, 198.« 
Standard integrals, list of, 
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— list of, 00. 

Steam engine mechanism, 12, 
93. 

Successive differentiation, 92. 
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Tangent, definition, 57. 

- ^ graph of, 58. 
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Tiaetiix, 179, 220. 
Troclioid, ^4. 
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Schiele’s pivot, 177 
Screw, pfliciency of, lit. 
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Second derivesd curve, 17. 

— moment, see Moment of ii 
ertia. 
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Velocity curve J^2. 
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Weddle's rule for mcarurement 
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Simple harmonic motion* SOT+Weir, flow over, 183. 

208. Work, curve, 22. 

'“Simpson’s rule for meabure^ done in engine cylinder, 
ment of areas, 31. , 142. • ^ 



• Iht IJrmiibnts Cnginemng 

I VOLPME'XXI • 

ELEMENTARY 

MAJHEMXTIGS 

•■ ENGIN-'^ERS- 

BY ^ * '• 

^ERNEST H. SPRAGUE, A.M.Imsf.C.P:. 

236 Pages ioi Diackajis 

SUMMARY 01 CONIFNTS • 

Arithmitical Oppr\- iHP Difi-erlntial Cal 

HONS * CULUS 

Ai Gv lka I iiL Integral Cai rui us 

PLANJ iRlGONOHriRY MATHEMATICAL DaTA AM) 

«' / < 
MlNSI RMION 1 ORMUL/E 

bPHFRlCAL ^TrIGONOMI MaIHBMAUCAI TaEL^S 

TRY Ml* TRIG KQUIVAILNIS 

Algebraic Geometry Addi 1 zonal I!.\AMPL^ s 

Price ^'ys.'nct 

(Posi Fksii, 5b. 5d. Homl and Abroad) < 

• • 

fi 

Jkrough all Booksellers Of from the Publishers • • ^ 

scott] greenwood L so'n 

* g t c t 

8 BROADWAY, LUD^rATE HILL, LONDON, E.C, 4 



I ‘^lu Cngttuenng ^janliboolttf 

I • VOBUME, IV « 

: TO'OTILE'D- 
G E X R'r^ G 

• I 

• , 

GEORGE T.^^miTK, B.St. (Lond.) 

I ** * 

226 «PaGLS I';6 IjILSII \ll()\S 

• SUMMARY 01 CON II N IS 
Kinematics Hiiicm Whiiis 

The Spur Wheei Cy Hfvii Whelis 

CIOIDALllllH SKFWBivJI \\ III H S 

Annular Whlbis, Cy Worm (i^rinci 

CLOIDAL TEEIH Ui I IQUl WORM \NI) 

The Spur Whlii, In Whfi l 
• voLUiE Teeth Sckiw Wheus oi\Sri 

Oltiquiiy 01 A( noN, r\l Whij^s 
ETC • StKI \(.1H OB rum 

Pin Gearing Ouruiiijy 

Noncikcuiar Whfeis 1k\in5 oe Whifis 

Lobed, Wheels I hi ouoniograph 

* 

^ Price 4 s, 6d. net 

I • (Post Prkl, 4s lyf Home ani» /V^road) 

I _ • 

TAr^^k all ^olKlUn ir p m the Puffl timers • , 

SCO^T, GREENWOOD SON 

k BROADWAY, ^UDGATE HIM., LONDON, EC. ,4 


rniNTKD IJi or.EAT BRITAIN BY 
TTIJ5 A«^Ja)LL^ BNIVEKSJTY I’KfcSS, LTD. ABERDEEN 



PIHLR VOLIM) S IN 


a he Sroabtoaii j^nginreung ii.uihboohs 

Uniform with this Vtlume.^ Narrow Cwwn 8vo 
vor i Ml 1 .— elemeAtarv principles of eIbinforced con 

CRETE CONSTRUCTION. Hv I \K r S •\mTri ws H St 
A \1 InstC I 1 Imil Rim ed 1 dmon 2bS pp, 57 

Illui^itions Ni^doii 1 1 \<iiii,}1es, ind 

L ( T Iv( i^ul Uions j )r Kt jiiforce^l one rCT< i'liu 7s. 6d ml 


(Po t ifn , jS home iiid 1 } 


f In t Pn! ii h 


\oy;Mi II -GAS AND OIL E|IGINLS Pv \ kltsrilKI lints 
hted i«d RtvisLil tiom thi^OPini n, iiid idiplTd lo PiiUn' 
|)i iclRL ibo p mrn I net nil |i ost free 

^d lioiiK jml t^) nil) ^ 


Voi 17 M} 11 ^ -IRON AND STEEL CONSTRUCTIONAL WORK 1 \ 

k ScHlNHliK 1 nnsi tto 1 ind lNt\scl liont tin Cjttniin > 
uul .1(1 ipt (i to Pritish {)i|^t( T4’{ II me; Illusii iflihiiN 

DM 4s 6 I ntt (l*ost lict js lid 1 ume ind dtioid ) 

• 

VoilMi IV TOOTHED GEARING Pv (i I Wniii li S 
(I on II o )]) I y) 11 ii^ir I t i } o 1 i ti (P< t 

lu(^4 III loin ml ibtoid ) 

VoiUMl \ — STEAM TURBINES Dkii J he i\ md ( (iistiinton 
B\ II Wil n \ lulls’ it< d Imjiii tlu (utinm Kt sid ml 
idipRd to Pnl sh pi Kii ( 0 pp lot I iii li itions Pii 

IS Od net (1 o L ti(» Jid Itoiiu in I dtn i 1 ) 

f^oruMi VI CRANES AND HOISTS 1 fit 11 lonsdiKl^i ini 
( 'ikiil ui )n I II Wii Iiinliud tlu (• rni m 

R» MS d i H i )i d i I ntish pi i n J'^I P -1191111 

ti irions I net > nl »Pst In 1 iid honu mi 

hi id ) 


\o I MI \II -FOUNDRY MACHINERY 

1 il<4fi h )iii iht ( II 111 111 K< d m 
i [jp llln‘'i' 'I ( 11 In 4 
i oiiK md ilii id ) 


^ I 1 Kl IMI K 1 1 ins 
, U d to Pi itisl 1 ic* i 
II I P j c In 1 1 I 


• ntiMl VJ II -MOTOR CAR MECHANISM » \ \\ I DoMMi r I 
V M I 'V I \ 1 I\ \i r \1 \K I ^ cond kl V ♦ d md 

1 Illumed 1 dit n *11 iji IlliFt iMi IS Irti ^ bl 

IK t (Post tn»f os 1 Ao ml ibioad ) 

VnlL^Mi I\* ELEMENTAtlY PRINCIPLES OF ILLOMIMATION 
AND ARTIFICIAL LIGHTING H\ A lil OK H S< 2^6 pp 
I ’6AJll«‘'h itioiis mi ,1 iiiid md i 1 oldirjc Pin* Pnct 
}<; jd lut (losi ti * 4-. ltd lunii and mioul) 



^roabtoatj (!:nQtnrcnn9 ^jaiibbooks 

— tontuiiu/^, 

\olUMi X -HYDRAULICS. Hy H Spragui A \I I ( R 
S<c()iid Kt^^ed ind I it'iri'td 1 ‘ditioti 28^) p|j 5 Will 

niir inoiis ‘ Woikt fl I \ iin|)l< s and P9 , Illtisti itions I'riie 

8s ^)d tifj^ fML 9S lionn ml Vhioul ) 

^ f N\/ l\il ! f 

VoiUMF \I —ELEM^JaRV PRINCIPLES * 0F SURVEYING Bv 

I M ORM^iY vlll ? 1 1>P Wth ^/orked 

* I \miplcs ind^^S Ulus ind Dn^rims inc^dinj^ I oui 

I old fill; I’litis* Brut !;s na. (^’ost fitt '»d homt md 

ibroid ) ^ 

r, - * « 

*V(jlUMi \[f THE SCIENCE 0^ WCRKS MANAGE^IFNT By 

loiiN l"MM 232 pp F‘f‘ t ss nt< (Bostlpt,^s S‘i lioine 

^ ind 1 1)1 Old ) * f 

VOILMI Mil THE CALCULUS FOR ENGINEERS H> 1 WAP I 
S \M)Ri ws B Si 1 111 (Lond ) md H Bk'VtiNf 1 h \ wool), 

* S (Bin ) Bi Si (lond) qSj pp 102 lllustt itions 

%\ilh I lOli s ind VV»iJt 1 1 tkimpli^ Bull tut (Bost 
111 I qd hniin ind ibioiil ) 

I 

\oiiMi Xl\ — LATHES I Ik II ( mstiuttion md Ofiei ititm Bv 
<, \V Buriiv BSi (1 om^) \Mi 1 \ MIMI MM 
(Ind ) Stt >11(1 Ktvistd l^dition pp joo llli sir itions 

lint 7s t)d. iKl (i’ost IrtL s honip md ibioid*) 

I '//\/ / / // // / 

VoiUMl \\ STE^iM BOILERS AND COMBUSTION B\ |oH\ 

Ba in 20 |)p I l)ii«,iiins Briic net (l*ost liet 

.,s qd liomt md ihioatl ) 


• VoTi>^ \VI REINFORCED CONCRETE IN PRACTICE M 
A \th\n H Stoll M S \ , \I ( T 1S1 pp no Hill'- 

ll itu ns iii^ 11,1 ims md I wo 1 oldin*^ B) lU s Bi ll net 
fill, s;s i;d honit md ihioiil ) * 

Voil/Mi WII —STABILITY OP MASONRY B\ I /I SpuAoLl 
\ M I ( r t 8 o pjj qs Illustrations Him I oldinij B itt s 
md Workid I Minplts Biut ijs net (Bost fuL -^s ^d 
lionii md ibioad ) r 

Von Ml Will— THE TBSTINQ''«'M/ CHINE TOOLS B\ (, W 
‘ Buri n, li Sc. (Lond ) V\ h I x , M 1 M I' Mil (Ind.) 
240 pp no Tllustiations Biice ss mt (Bost Iru , ss i;d.^ 
home md .ibroad ) » x 

Von Ml Xl\ —BRIDGE F 0 UMDAT 1 |»NS By W Buknsidi 
A ssot M.l ( h 148 pp. 3iDiagrims I’nce';;; v* (Bo^t 
ficc, home anef. ibroad.) t t - 

( c e 

*VoLLMf XX —THE STABILITY OF aViCHES Bv K H SPKAC.Ui, 
X M*! C ^ 150 pp 58 niae[r^»is live Foldir^'-i*! ites 

Puce ss ntt. (Bost Ijee, 5b. sd. honie and abioid ) 



7 hr ^Jro.ilUDitij (irngiiucung }).mlibo''ol!s 

-* Couttnved, 


\oTi Ml X\T -ELENENTAftY MATHEMATICS ENOINEESS. 

Bv I H spR\(,in \ \I I ( ^ pp jor I )nirrAiii^. 

1^1 i< !;s ry’t ^*ost In*' 5 5d lu>nu mcl Tl>ioil ) 

« • 




NE ELEMENT^ 


\niUMI WIl -THE DESIGN OF MJyC HlN E ELEMENT^ Bv 
Dunki 1 'J*^R Sc \ (jlyTiu^Pw oict's iiirl Sir s « s , 
SHl^iiij* uul H« nint(s ( viplin^s Sj^int:'' -*o pp 42 ^ 
Illi'lf Arons Hi<i 1 ililt*' * 1 * 11 ^ neft\ (Po l In^ -s 
oni* in I ibio nl ) 


\oMMi N^IIl THE OF MACHINE RLeAiENTS. By * 

\V (j DIJSMIV B^Sc ^'uiiif II. S(.|(WS uni P >lis , 

< Inkh s B U anl^PrlVv Gt iniip 2 1 pi; 1 2 Illn « 
l5.*'lioiis uni Is lil IS t;s n« t IP it lin* s** si 

^ honif III \ ibro id ) 

• 

Vv 1 Ml \\I\ THE CAIDULATIONS FOR STEEL F^^B 
STRUCTURES P\ •W ( (m kin(., Mil M | Inst 1 . 

PP» With 78 lllusii itinnsan ! Siv I oldii 1 PI ites numerous 
W ikid 1 \ unpli s rnd i Loinploli Sunsili dinht oils tor r 
Mill I t mu VS irt li >iis( jfnt ( in t (l*ost Ik 6s 6d 
* )in in 1 il I ad ) ^ • 


\ 01 i MI \\\ THF DRIVING OF MACHINE TOOLS 1 i I Iios. 
K Suwv AM I J IP !-.<) yiu u iiions nl -^7 

nil (iMst fi I ^ -,1 home ind ibionl) 


1 ibks I ru «|S 


V. I i Ml \\\ r THE ELEMENTS OP GRAPHIC STATICS 1>> 
^ I n M K u Tji A M 1 1 I pp* With \\ or illy I \ 

in pli s 'ind it)^ Phist iti is Piu -,s rut OVis' liu -,s c;d 
lionu md ibioi I ) 


i Ml sWU THE STKLNCTH OF STRUCTURAL ELEMENTS 

I ' !• '^PK \oui AMI^ I _cK pp With I Min pies, 
hi\i 111 ind II lllustt itioii'. 
s !;d lionn uni ''bio id 


_CK pp 

Pi h tis 


in I (Post inn 


P \XVIIf —MACHffiE IMD PITTING SHOP PRACTICE 

Bv (t W Ruki i \ B M (I otid ) W h 1 ' M I M I MM 
» (ind ) Voliiiin I Mi isiirrae|jts ind Giii{;mt;, Vicl Woik, 
1 ilirn^ and Sci iji nt, ->12 194 Illu'-ir^pons ^nd I lira* 

I ^>les Prill i;s nit (fost fiii, qs «;<! h me ana abioid ) 

\ oLi \<^xSc - MACHINE AND FITflNG SHOP aRACTICE. 

VS'' ^lUKLi Y, B Sc (I ond ) Wli i'v , M l.M 1 , M I I 
(Im^) Volume II Planinif, Drilling, Latbe Wo^k ind 
(u 240 pp 2 TiJlIusir itions and Nine^lriblcs Price 

6 s nit (Post fice^os i;d home 71 !. abroad.) 



7 hc^firoabU)ai) (Irngincruug JJaniibooks 

I — Conitnuei^ 

\oflJMh X\\~iTHE STRENfiTH OP SHIPS H> I lliRIRX f 
IlloMXS r M [list ( f 20 pp V\ lUi ii-i. Di\£,rims ant 
3T I ihU*^ u Os ml (P )st fnt, 6s ^tl h( rne( md 
dyoid ) 

V(JI LTMi XWI ^^ADS BY H^\iUENCE LyWt AND 

« OTHER METHODS Iv I H MO V(,i;i *t I 

17M ^]) If u ti il ltd f wf) Ilitis I lire ‘,s 11 t 

(1*0 t ir t^d 1 i im ill ^ ibil id \ 

VoiUMi XV\n — BLACKSM 1 T 1 L>* P^OCKET BOOK \W PoM 
WoRMM I) (>*, IP \ a ■'-on *I>n4i nns l-*f ** Os 11 t 
( 1’ 1 t li « f } I 1 int in 1 d 10 iH ) 

XoiiJMi WXfTI —DETAILS OF fypICAV MECHANISMS* li\ 

( \1 I INI I > 1 pp s Illii^ti itions P^iie (s DM 

• 1*0 t tui < sd h 111 iiid duo 1 ) 

\()11MI \\M\ LATHE USLRS IfANDBOOK Hi ( M 

J )M J \ I pp (o P 16 ‘>li iti n Hid I) *ns I 1 f 

7 s 1 ml (lost fit! h< III lid d) o id ) 

^ I / f/ / /r//r h ^ 


J\ I'RI.PIK ifioN » 


HANDBOOK OF WATERWORKS MANAGEMENT. Hy 1 iliUUM 
M Inst C 1 


1 V \\ Norn v I wi i vi* 


CONC<^TE making" MACHINERY 

1 Kl IS \y » I I il 

MECHANICS OF FLIGHT. ( ipt (j I koi \M; I h i 1 
FATIGUE OF METALS. II ] (iOU« ii * 


( ;// / / / / / / 
t X lli 


/ n / ^ / <it 

f /i / //I 


n 


*« ' 

II / 


/// /ft 
/f M fJi J it h t 


h t/I / / //u 

: ‘ % 


sevn';*', GRKIlN^OOl) ik ^ 

^ KKOAinVA\, I I IKiAH HU \p, f 1 i. \ 






